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Summary. We consider a vertical control distribution channel in which a manufacturer sells a single
kind of good to a retailer. We assume that wholesale price discounts increase the retailer’s sale
motivation thus improving sales. We study both the manufacturer’s and retailer’s profit maximization
problems as optimal control models. The controls are the discount on wholesale price (trade discount)
which manufacturer present to retailer, and the part of this discount transferred by retailer to the
consumer. We consider the cases when one of these control is constant and, moreover, the role of
manufacturer and retailer is different.

Introduction

The sales increasing role of advertising and, more in general, of communication has been
largely explored by means of dynamic and optimal control models. In particular we recall the
model proposed by Nerlove and Arrow [7] where the authors take explicitly into account the
role of the goodwill of a firm, their paper originated a research stream and a great number of
publications (see e.g. the review paper [6]) which continues nowadays (see e.g. [2], [3], [5]).

In this paper we focus (cf. [4]) on the coneept of retailer’s sale motivation while in former
models the concept of goodwill was studied instead. We consider a manufacturer that sells a
single kind of good during a limited time period [#1,%;] (e.g. it is a seasonal product). The
manufacturer acts as & monopolist inl a vertical channel (see [8]) selling to the only downstream
firm, the retailer. To improve sales the manufacturer can produce a promotional effort by
means of a wholesale price discount, and the retailer transfers a percentage of the discount to
the consumer.

The model is described as a process in which the state variables are the total sales z(f)
during time period [t1,t] and the retailer’s motivation M(¢) at time . The manufacturer’s
control is the discount a(t) on wholesale price at time t, ot) € [A1, A2 C [0, 1]. Another
control is the part of wholesale price discount 3(t) transferred to the consumer at time {,
B(t) € (B, B2l € [0, 1].

We assume that the retailer's motivation is summarized by the state variable M {¢) whose
dynamics is given by _

M(t) = vi(t) +e(alt) - @),

where 7y > 0 is sales productivity in terms of retailer’s sales motivation, € > 0 is price discount
productivity in terms of retailer motivation and @ € {A;, 4s) is minimum discount expected by
the retailer.

!This research has been supported in part by Universitd Ca’ Foscari di Venezia, the Russian Foundation
for Basic Research (grant no.03-01-00877) and the Council for Grants (under RF President) and State Aid of
Fundamental Science Schools: (grant no. NSh-80.2003.6).
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The dynamics of the total amount of sales at time ¢, z(¢), is defined by
(1) = ~0s(t) + SM(E) + n(t)a(t),

where § > 0 is retailer’s motivation productivity in terms of sales, n > 0 is price discount
productivity in terms of sales. We suppose that z(t;) =0 and M(t;) = M, where M > 0 is the
initial motivation of the retailer.

Remark that #(t) represents the sales at time ¢t and we suppose that it coincides with
the consumer’s demand at time ¢. This means that we assume that the firm sells exactly the
produced quantity.

The wholesale price at time ¢ is p(1 — «(t)), where p is the wholesale price when no trade
discount is applied.

The total profit of the manufacturer is

aafta) ~p [ alt)alt)ds

1

where g = p — ¢o and ¢ is unit production cost. Analogously, the total profit of retailer is

p [ a)ale)(1 - B(e))ds

Instead of this “multi-objective” situation, let us consider the cases when either a(t) or B(t) is
constant and, moreover, the role of manufacturer and retailer is different.

1. 7 is constant, the retailer is leader
This way for every fixed 8 the manufacturer’s problem is as follows:

P(3) : maximize gz(ta) — p / t)dt,

subject to E(t) = —6z(t) + 6M( ) -+ nba(t),
M(t) = v&(t) + e(alt) - B),
() =0, M{t))=M, oft)€ 4,4y

The problem of this type has been considered in [4] for the case when A; = g/p and § — 8 > 0.
We have shown that the kind of optimal control depends on the sign of the parameter

(8 — ¥6)nB — de,

which is an increasing function with respect to 5.

A more deep investigation of the role of 3 could be interesting. For example, we can consider
the hilevel problem in which the retailer chooses 8 to maximize his profit.

For Problem P () denote the optimal control as o} 1 5(t), the optimal state variables as
21 5(t), M;(t) and let the optimum value of the objective function be

2
Fi(8) = a2 plta) = [ 85 5(0) 0) dt
Now let us consider the problem

ta
Ry @ maximize Gi(f) =p(1— )/ 2] g(t)a] 4(t)dt  subject to 8 € [B), Byl
i :
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Let for Problem R; the optimal solution be §; and the optimum value of the objective function
be G7, ie.

Gi :EEI[%??:BQ_] G1(B) = G1(87)

is the optimal profit of the retailer. Moreover we can compute FY = Fi(5]) as the optimal
profit of the manufacturer.

2. « is constant, the retailer is leader

This way for every fixed o the manufacturer’s problem is as follows:

Py(a) : maximize (g — pa)z(ts),
subject to x(t) = —0z(t) + SM(t) + naf(t),

M(t) = v&(t) + e(la — @),
2(t1) =0, M(t))=M, B{t)€ (BB

Let for Problem Fi(o) the optimal control be f5,(t), the optimal state variables be
73 (), M3 ,(t) and the optimum value of the objective function be

Fy(e) = (q — pa)z; o(ta)-

Now let us consider the problem
. t _
Ry : maximize Ga(a) =p_o¢./t ) &5 (tH{1 — B3 4(t))dt  subject to a € [A}, Ag].
1

Let for Problem R, the optimal solution be o5 and the optimum value of the objective function
be G}, i.e.

G3 = max_Gala) = Ga(a})
is the optimal profit of the retailer. Moreover we can compute Fy = Fy(aj) as the optimal
profit of the manufacturer.

Remark that Problem P(e) is linear for every fixed . Moreover, it is simple to show
that the optimal control & ,(t) is constant and the objective function Ga(a) of Problem Z,
is quadratic. So in this case we can find explicitly the optimal controls o and 33, (t), the
optimal state variables 73 . (¢) and M. (¢), and also the optimal manufacturer’s and retailer’s
profits Fy = Fy(a3) and G = Ga(a3).

3. 3 is constant, the manufacturer is leader
This way for every fixed § the retailer’s problem is as follows:
t
Ry(B) : maximize (1 - B) /ﬁ " b(t)alt) dt,
1
subject to #(t) = —0z(t) + dM(t) + nBa(t),

M(t) = vi(t) + e(aft) - @),
fL'(tl) =0, M(tl) = M, C!(t) € [Al,- Ag]
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Remark that problem R3(3) has the same type as problem P;(5) (see Section 1), i.e is linear
with respect to the state variables and is quadratic with respect to control. So to solve it we

can use the same technique as in [4].
Let for Problem R3(f) the optimal control be @ 4(t), the optimal state variables be
23 5(t), M3 4(t) and the optimum value of the objective function be

tz . % *
Gs(8) = (1- ) ft 5 5(8)0} 5() d.
Now let us consider the problem
1
Py : maximize F3(8) = qx3 4(22) —p/tzi:;,_ﬁ(t)a;ﬂ(t) dt subject to J € [By, By

Let for Problem P the optimal solution be 85 and the optimum value be F¥, ie.

By F3(B) = F5(83)

= max
BE[B1,Bg]

is the optimal profit of the manufacturer. Moreover we can compute G = G3(3) as the
optimal profit of the retailer.

4. o is constant, the manufacturer is leader

This way for every fixed o the retailer’s problem is as follows:

. t.

Ri{e) : maximize palg-i;'(t)('l — B(t)) dt,

subject to 2(t) = —fx(t) +OM(t) + nap(t),
M{t) = v&(t) + e(a — &),
x(tl) = 07 M(tl) = .ﬂ_f, ﬁ(t) S [BI, BQ]
Remark again that Problemn R4(c) has the same type as Problem P,(3) (see Section 1).

Let for Problem Ry(a) the optimal control be B;,(t), the optimal state variables be

T34(t), Mg, (t) and let the optimum value of the objective function be

Ga(@) = par [, (6)(1 B o(t)) dt.

131
Now let us consider the problem
Py : maximize Fy(a) = (¢~ pa)z],(t2) subject to o € [4;, AJ.
Let for Problem P, the optimal solution be o and the optimum value be F{ ie

= E = ] e
1= Jax  Filo) = Fyeg)

is the optimal profit of the manufacturer. Moreover we can compute G = Gq(af) as the
optimal profit of the retailer.
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5. Concluding remarks and Discussions

In this paper we explore bilevel programming approach. In other words, we used (in some
sense) the concept of “Stackelberg equilibrium?”.

The 4 considering cases may not have the same “economical” interest. For example, we
can imagine the situation, when the manufacturer “thinks” about two strategy: a strategy of
the retailer and his own policy. It may be that if the firm is “large” (or “famous”, etc.), then
the situation “o is constant” is rather natural. Indeed, it is convenient for the manufacturer
to have the constant “game rules” in its relations with the retailer, especially if the time
interval is rather short (as in the case of seasonal marketing). Analogously, the situation “4
is constant” can be natural if the firm is “small” (or “new”, etc.). Further, the question of
manufacturer's/retailer’s leadership can be considered by the manufacturer in order to maximize
his profit taking into account that also the retailer wants to maximize his own profit. From
this point of view it can be interesting to compare the values F}* for different i € 7 = {1,...,4}
and/or to compare the values G} for different ¢ € I, and/or to find conditions under which
Jigel: F,2F, G, 2GivVjel.

Finally, it can be interesting to develop this approach, taking into account productien
period (cf. [3]) and also considering the case of multi-segment marketing (see e.g. {1]).
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