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ABSTRACT. The paper concerns the study of equilibrium points, or steady states, of economic
systems arising in modeling optimal investment with vintage capital, namely, systems where
all key variables (capitals, investments, prices) are indexed not only by time but also by age.
Capital accumulation is hence described as a partial differential equation (briefly, PDE), and
equilibrium points are in fact equilibrium distributions in the variable of ages. A general method
is developed to compute and study equilibrium points of a wide range of infinite dimensional,
infinite horizon, optimal control problems. We apply the method to optimal investment with
vintage capital, for a variety of data, deriving existence and uniqueness of equilibrium distri-
bution, as well as analytic formulas for optimal controls and trajectories in the long run. The
examples suggest that the same method can be applied to other economic problems displaying
heterogeneity. This shows how effective the theoretical machinery of optimal control in infinite
dimension is in computing explicitly equilibrium distributions. To this extent, the results of
this work constitute a first crucial step towards a thorough understanding of the behavior of

optimal paths in the long run.
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EQUILIBRIUM DISTRIBUTIONS FOR OPTIMAL INVESTMENT 3
1. INTRODUCTION

Computing equilibrium points, or steady states, and describing their properties is one of the
main goals in the mathematics of economic models. This task, when presuming an underlying
optimal control problem with infinite horizon, is already nontrivial with one state variable, but
it becomes harsh when the dynamics of the system are infinite dimensional, like in cases when
heterogeneity /path dependency is taken into account. This is the case, for instance, of optimal
investment with vintage capital (capital stock is heterogeneous in age, see e.g. [51, 36]), of
spatial growth models (capital stock is heterogeneous in space, see e.g. [19, 35, 20]), of growth
models with time-to-build (capital stock is path-dependent, see e.g. [6, 7, 8]), or of models
with heterogeneous agents (see e.g. [68]). In all these examples, equilibrium points are indeed
functions (of vintage, or space, or age) and may be more properly referred to as “equilibrium
distributions”. Up to now, such equilibrium distributions have been studied only when the
value function of the control problem is described by an analytic formula — a requirement which

is very seldom met — so that many interesting cases are left out of the picture.

On the contrary, this work addresses the study of equilibrium distributions in cases where no
explicit formula for the value function is available, moreover it does so under the general as-
sumptions of an infinite-horizon infinite-dimensional control problem with linear state equation
and general convex (concave, in the application) payoff, providing a theoretical tool that can be
used in a variety of applied examples. In fact, the theory is put immediately into practice for
the optimal investment model with vintage capital, obtaining analytic formulas for the equi-
librium distributions, and a complete sensitivity analysis for some instances of the problem.
Hence the paper contains a theoretical and an applied part, both of equal weight and dignity,

whose main achievements are listed below.

For the general theory (Sections 2, 3 and 4), we reprise and complete the study of the con-
trol problems analyzed in Faggian and Gozzi [45].' There, Dynamic Programming (DP) was
employed to prove the existence and uniqueness of a regular solution v of the Hamilton-Jacobi-
Bellman (HJB) equation, as well as a verification theorem implying existence and uniqueness
of optimal feedback controls, and the fact that v coincides with the value function. Overall and
differently from most contributions to the subject, this work presents an integrated approach
between the DP and MP methods of optimal control theory. In particular:

(a) a co-state is associated to the state variable, and necessary and sufficient conditions for
the optimal path are established in the form of a Maximum Principle (MP) (Theorem
4.5);

(b) the co-state associated to an optimal state is shown to coincide with the spatial gradient

of the value function evaluated at that optimal state (Theorem 4.6);

Note that in this theoretical context, since equilibrium distributions can be seen as points in a suitable

infinite dimensional vector space, a space of functions, they will be still named “equilibrium points”.
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(c) the definition of two types of equilibrium points is introduced: the stationary solutions
of the state-costate system, called MP-equilibrium points, and the stationary solutions
of the closed loop equation (CLE) arising in the DP approach (Definition 4.8), called
CLE-equilibrium points;

(d) the relationship between the two types of equilibrium points is explained, and sufficient
(and necessary) conditions for existence of such equilibria are provided (Theorem 4.10);

(e) two results on the stability of CLE-equilibrium points are given by using or adapting
the existing literature (Propositions 4.15 and 4.16).

It is important noting that the theory cannot be used straightforwardly to treat applied prob-
lems in a satisfactory way. This happens on the one hand because the results in infinite
dimension need to be translated into terms of the application under analysis, and on the other
hand as it may be necessary to exploit the particular structure of the applied problem to specify
formulas for practical use. One example is worked out through Theorem 5.5, in the case of the

model of optimal investment with vintage capital.

In the applied part of this work (Sections 5 and 6), the theoretical results are used on the
optimal investment model with vintage capital deriving:

(e) the existence of MP- or CLE-equilibrium points, which is proven equivalent to the
existence of solutions of a numerical equation explicitly derived from the data;

(f) analytic formulas for MP- or CLE-equilibrium points in some relevant examples;

(g) a sensitivity analysis for some particular sets of data.

In particular, the sensitivity analysis enables the development of new economic results while
analyzing the vintage capital stock model in which revenue is a strictly concave and linear
quadratic function of output, where the strict concavity is caused by market power on the
output market. As is standard in this literature (Feichtinger et al. [51]), output linearly
depends on the capital goods, whereas investment costs are convex and linear quadratic. We
show that the equilibrium distribution capital stock is first increasing and then decreasing in
the age of the capital good. The increasing part is the result of investment costs being relatively
large when capital goods are relatively new. On the other hand, such investments are attractive
due to the long lifetime of new capital goods. Capital goods of older age have a shorter lifetime.
This gives an incentive to reduce investments in older capital goods, resulting in the fact that
the equilibrium distribution capital stock for old machines decreases with respect to age. We
further establish another non-monotonicity dependence of the equilibrium distribution capital
goods level, but now with respect to the productivity of the capital goods. If productivity is
relatively low, the number of capital goods increases if productivity goes up. This is because a
given capital good produces more so that the firm is more eager to invest in it. On the other
hand, if productivity is relatively large the firm decreases investments, because otherwise the
firm overproduces resulting in a too low marginal revenue. In other words, some optimal output

level exists and less capital goods are needed to produce this level when productivity is high.
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In conclusion, this work shows how successfully and effectively the theoretical machinery of
optimal control in infinite dimension is in computing ezplicit formulas and studying properties
for equilibrium distributions, also in absence of an explicit formula for the value function. We
believe that the theoretical tools developed in the first part of this work can be successfully
employed in examples yielding the same abstract structure (like those mentioned at the begin-
ning of this introduction) and possibly extended to more complex cases with the use of suitable
numerical approximations. One example is to consider harvesting models with age-structured
populations (see, e.g.,Anita [2]). This seems to be a promising topic for future research.

The paper is organized as follows. Section 2 presents a family of optimal investment models
with vintage capital. Sections 3 presents the abstract optimal control problem and shows that
the problem contained in Section 2 falls into that wider class. Section 4 is the theoretical core of
the paper, where we recall the results obtained with the DP approach in [45] (Section 4.1), we
state and prove first order optimality conditions in terms of a Maximum Principle (Section 4.2),
and we present and discuss the general results on equilibrium points (Section 4.3). In Section
5, the general results of the previous sections are applied to the model of optimal investment
with vintage capital, providing a technique to derive analytic formulas for the equilibrium
distributions. Finally, in Section 6, a sensitivity analysis is conducted on some instances of
the problem of Section 5, i.e. where both revenues and costs are chosen linear-quadratic. This
section also contains numerical results as illustration. An appendix with proofs of the theorems
of Section 4 and 5, as well as some additional results, completes the work.

We remark that the paper is organized as to allow the reader less interested in mathematical
details to approach Sections 5 and 6 without necessarily going through the theoretical Sections
3 and 4.

1.1. Literature Review. We complete this introductory section with an overview of literature
on vintage capital, and on optimal control of infinite dynamical systems, thereby explaining
what the present paper adds to each field.

From an economic point of view, the paper contributes to the literature of vintage capital stock
models. Such models extend standard capital accumulation models, like, among many others,
Eisner and Strotz [33] and Davidson and Harris [30] where capital goods are a function of
just time. The extension is that also the age of the capital goods is taken into account. This
enables to distinguish different vintages of capital goods so that one could explicitly analyze
issues like aging (Barucci and Gozzi [15]), learning (Greenwood and Jovanovic [58]), pollution
(Xepapadeas and De Zeeuw [73]), forest management (Fabbri, Faggian and Freni [38]), and
technological progress (Feichtinger et al. [51]). We consider the kind of vintage capital stock
models where investments in older capital goods are possible. This distinguishes the framework
to be considered from works like Solow et al.[70], Malcomson [66], Benhabib and Rustichini
[17], and Boucekkine et al. [21, 22, 23, 24].
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The first contribution in vintage capital literature, which consider models where investments
in older capital goods are also possible, is Barucci and Gozzi [16]. They consider the vintage
capital stock framework where, as in Feichtinger et al. [50], revenue is linearly increasing
in output, implying that the output price is constant, and linear-quadratic investment costs.
Like in Feichtinger et al. [50], they do derive equilibrium distribution expressions for capital
goods of different ages and corresponding investments. The present paper generalizes these
contributions by obtaining the equilibrium distribution expression of the capital goods for a
model with general concave function.

Barucci and Gozzi [15] extend Barucci and Gozzi [16] by considering technological progress,
while in Xepapadeas and De Zeeuw [73] the production process produces emissions next to
products. Both papers keep the revenue linearly dependent on output. Provided an equilibrium
distribution exists, which is not the case when we have ongoing technological progress as in
Barucci and Gozzi [15], due to this linearity equilibrium distribution expressions are much easier
to obtain compared to a revenue function being concave as in the present paper.

Closer to our present paper than the works cited above is Feichtinger et al. [51], in which also
a firm with market power is considered. The difference with our work is that Feichtinger et
al. considers technological progress. In particular, the main part of their work analyzes how
the firm reacts with its investment policy to a technological breakthrough, which is a point in
time at which a new technology is invented. The implication is that productivity of the capital
goods of vintages borne after the breakthrough time jumps upwards. Our model is simpler in the
sense that we do not consider technological progress. However, our analysis goes further than in
Feichtinger et al. [51] in that we were able to derive an analytical expression for the equilibrium
distribution. This we could do for a general concave revenue function, where Feichtinger et al.
[51] just considers linear-quadratic revenue. Note that after the technological breakthrough
Feichtinger’s model turns into our model with prespecified revenue function. This implies that
also in their framework a unique equilibrium distribution exists, which can be calculated using
the results of the present paper.

From the point of view of mathematics, the main features of the optimal control problem here
considered are: (7) the linear state equation and the convex cost criterion; (i7) the presence of
a boundary control; (iii) the age structure of the driving operator A in the state equation.
Optimal control of infinite dimensional systems is the subject of many books and papers in the
recent literature. Among the books in the deterministic case we mention Lions [63] and Barbu
and Da Prato [10], and the more recent ones Li and Yong [64], and Troltzsch [72]. For the
stochastic case (concerning the dynamic programming approach) one can see the recent book
37].

Concerning the dynamic programming approach to problems with linear state equation and
convex cost but with distributed control, we refer the reader to Barbu and Da Prato [10, 11, 12],

for some linear convex problems to Di Blasio [31, 32], for the case of constrained control to
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Cannarsa and Di Blasio [25], and for the case of state constraints to Barbu, Da Prato and Popa
[13] (see also Gozzi [52, 53, 54] for a generalization of this approach to the case of semilinear state
equations). For boundary control problems we recall, in the case of linear systems and quadratic
costs (where the HJB equation reduces to the operator Riccati equation) e.g. the books by
Lasiecka and Triggiani [61, 62], the book by Bensoussan, Da Prato, Delfour and Mitter [18],
and, for nonautonomous systems, the papers by Acquistapace, Flandoli and Terreni [1, 3, 4, 5].
For the case of a linear system and a general convex cost function, we mention the papers
by Faggian [39, 40, 41, 42, 43], and by Faggian and Gozzi [44, 45] (in particular, the theory
developed in the last two works is the starting point for theory in the present paper, and is
recalled in Section 4.1). On the Pontryagin maximum principle for boundary control problems
we mention again, in the linear quadratic case, the books [61, 62, 63] and [18]; in the case of
linear systems with convex cost, e.g., the book by Barbu and Precupanu (Chapter 4 in [14]),
and the papers [9], [59]; for general nonlinear boundary control problems, e.g., [28], [46], [47],
[71] [56] [57]. None of them covers the class of problems treated here.

The main contributions of the present paper with respect to the mathematical literature quoted
above are: (1) the proof of the Maximum Principle for infinite dimensional, infinite horizon
optimal control problems with features (i) — (i7i); (2) the co-state inclusion which reconnects the
value function with the co-state; (3) the analysis of equilibrium points of the control problem.

2. THE OPTIMAL INVESTMENT MODEL WITH VINTAGE CAPITAL

We now describe the model of optimal investment with vintage capital, in the setting introduced
by Barucci and Gozzi [16][15], and later reprised and generalized by Feichtinger et al. [49, 50,
51], and by Faggian [41, 42] and Faggian and Gozzi [44].

The capital accumulation process is given by the following system

OEITs) | ORTS) 4 uK (1,8) = wi(7,8), (7, 8) €]t, +00[x]0, 3]
(2.1) K(1,0) = uo(r), 7 €]t,+00]

K(t,s) =xz(s), s€]0,3]

with ¢ > 0 the initial time, 5§ € [0, +00] the maximal allowed age, and 7 € [0, T with horizon
T = +o00. The unknown K (7, s) represents the amount of capital goods of age s accumulated
at time 7, the initial datum is a function z € L?(0, s) (the space of square integrable functions
on (0,5)), p > 0 is a depreciation factor. Moreover, ug : [t,+0o[— R is the investment in
new capital goods (ug is the boundary control) while u; : [¢, +00[x[0, 5] — R is the investment
at time 7 in capital goods of age s (hence, the distributed control). Investments are jointly

referred to as the control u = (ug,u1). The output rate is

(2.2) QK(7)):= /OS a(s)K (T, s)ds,

where «(s) is a productivity parameter. Selling the output to consumers results in an instan-

taneous revenue, R (Q), where R is a concave function. Capital stock can be increased by
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investing, and investment costs are given by

(2.3) Clu(r)) = Coluo(7)) + Cr(ua(7)) = Coluo(7)) + /0 c1(s, ur(7,s))ds,

with C} indicating the investment cost rate for technologies of age s, Cy the investment cost
in new technologies, including adjustment costs, Cy, C convex in the control variables. The
firm’s payoff is then represented by the functional

(2.4) I(t,x;ug,uq) = /t+00 e MR(Q(K (1)) — C(u(r))]dr,

where A € R is the discount rate. Note that ) is usually assumed positive, but here we leave the
possibility of choosing a negative A (corresponding, for example, to a negative interest rate).
The entrepreneur’s problem is that of maximizing (¢, z;ug,u;) over all state—control pairs
{K, (ug,u1)} which are solutions (in a suitable sense) of equation (2.1) and keep the capital
stock K (7, s) nonnegative at all times. Such a problem is known as vintage capital problem, for
the capital goods depend jointly on time 7 and on age s, which is equivalent to their dependence
on time and vintage 7 — s.

We finally recall the definition of the value function of the problem

(2.5) V(t,z):= inf I(t,x;up,uy).

ueuadm (t)

Where Uyam(t) is the set of the admissible controls later specified in (3.3). With that choice,
since R and C are not time dependent, it is true that

(2.6) V(t,z) = e MV(0,2) = e MVy(x).

Remark 2.1. As a matter of fact, we treat the above problem without the state constraints
K(7,s) >0 for all s and 7, and check that constraints are satisfied a posteriori by the optimal
trajectories of the unconstrained problem. In such a case, those trajectories are also optimal
for the problem with state constraints. |

2.1. Revenues and costs. In order to be able to treat optimal investment with vintage capital
into the wider class of abstract problems described in Sections 3 and 4, we specify the assump-
tions on revenues R and costs C' which ensure that the basic assumptions of the abstract
problem (Assumptions 3.2, (3)-(6)) are fulfilled.

Assumptions 2.2. (i) R € C*(R), R concave, R' Lipschitz continuous. Moreover a@ €
H'(0,5)? and «a(3) = 0.
(ii) Co(r) and r + c(s,7) are convex, lower semi—continuous functions, with injective®
subdifferential at all r € R.

2t (0, 3) is the space of square integrable functions which admit a square integrable derivative in weak sense.
Continuous functions with piecewise continuous derivatives are included in this space.

3A multivalued function p: U = R is injective when p(uy) N p(uz) = 0 for every uy,us € U, uy # us.
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(7i1) C§(r),r +— c1(s,-)*(r) (are Fréchet differentiable and) have Lipschitz continuous deriva-
tives, for all s € [0, 5.

(1v) Co(r) and r +— ¢1(s,r) are bounded below by a function of type a|r|’ +b, for some a > 0,
beR, p>1.

In the above statement, we denoted by f* the convex conjugate of a convex function f, in
particular Cj(r) = sup,ep{wr — Co(w)}, ci(s, )" (r) = sup,er{wr — c1(s,w)}. Note that no
strong regularity of C' is required.

For example, suitable choices for the revenues are the following:

(a) Linear-quadratic: R(Q) = —aQ? + bQ;

(b) Logarithmic: R(Q) = In(1 + Q), for @ > 0 and R(Q) = Q for Q < 0;

(c) Power v € (0,1): R(Q) = b[(v + Q)Y — v],with b,v > 0 (v arbitrary small), for Q > 0
and R(Q) = byr’71Q for Q < 0. Note in particular that this R converges as v tends to 0 to
R(Q) =bQ", for @ > 0 and R(Q) = —oo for Q < 0%

Suitable choices for the costs are, once set = (o, 1) € R x L>(0, ), with f;1(s), B0 > € > 0,
q=(q0,q1) € Ry x L?*(0,5), the following:
(A) Linear-quadratic:

2.7 Cw) = [ 181(50A6) + an(s)us(s)ds + o + aug

(B) Linear+quadratic with constrained control:

(2.8) Cug,u1) = Colug) + C1(uq) ]

(2.9 = oo+ g (10) + [ [0n(5)1(5) + g nan ()] s
where

[ B <
e = +oo |ul > M

Such a cost can be easily generalized to a case where u belongs to any compact interval and
not necessarily u € [—M, M].
(C) Linear+Power costs:

(2.10) Clug,u1) = Cy(ug) + C1(uq)

(2.11) = (QoUg + fﬂo (Uo) + /OS [Q1(S)U1(8) + fﬁl(s)(ul(S»} ds

4The definition of R for negative values of Q is needed in order to apply the general theory, although negative
values of @ will never emerge in our calculations. Note also that setting R (Q) = —oo for @ < 0 is equivalent

to require ) > 0 in optimal solutions.
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where, for p > 2,

fﬂ(u):{ Bllu+0P =67 u>0

+o0 u <0

which implies also positivity constraints of the controls.
We treat all of these cases in Section 5. Moreover, in Section 6 we treat the case of linear—
quadratic revenues and costs for which we derive analytic formulas for the long run optimal

couples, and perform a complete sensitivity analysis.

The reader is advised that Sections 3, 4, and the Appendix are devoted to the mathematics of
the general problem and require a good knowledge of functional analysis to be fully understood.
Nonetheless, they may be skipped at a first reading, as the reader will find in Section 5 the
theoretical results translated in terms of the problem of optimal investment with vintage capital.

3. THE THEORETICAL FRAMEWORK

Here we introduce an abstract class of infinite dimensional optimal control problems with linear
evolution equation and convex payoff, in which the control may also act on the boundary, and
address it as (P). Then, in Section 3.3 we show that the optimal investment model with vintage
capital described in the previous section is of type (P).

3.1. Notation. The expression a V b means the maximum of the real numbers a and b. If X
is a Banach space, we indicate its norm with | - | x, its dual with X', with (-,-)x/ x the duality
pairing. When X = V' we use for simplicity (-,-) in place of (-,-)ysy. If X is also a Hilbert
space, we indicate with (-|) x the inner product in X.

If X and Y are Banach spaces, then C'(X) denotes all Fréchet differentiable functions from X
to R, and £(X,Y") the set of all linear and continuous operators from X to Y, with associated

norm || - ||z(x,y). Moreover we set
Lip(X;Y)={f: X =Y : [f], .= sup @) = Fy)ly < 400}
syeX, oty 1T~ Ylx
CLp(X) = {f € C1(X) : [f], < +o0}
and, for p > 1,

B,(X,)Y)={f: X =R : |flg, = SupM < oo}, By(X):=B,(X,R),
" sex T+ |ol%

C([0,7),B,(X,Y)) :={f:]0,T] = B,(X,Y) : f continuous}

Note that B, are Banach spaces if endowed with the norm |- |z , so that continuity is intended

with respect to such norms. Furthermore, we set

So(X) == {w € Cp,(X) : wis convex}.
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Finally, if X is a Hilbert space and A : X — R is a convex function, then h* will denote its
convex conjugate, namely h* : X — R, h*(z) = sup{(x,y) — h(y)}.
yeX

3.2. The abstract optimal control problem (P). We consider two real separable Hilbert
spaces V and H with V' continuously embedded in H. We identify H with its dual and we
call V' the topological dual of V', which we do not identify with V' for the reasons explained in
Section 3.3. We then get a so-called Gelfand triple

Ve H<=V

We choose V"’ as state space. The control space is the real separable Hilbert space U (which we

identify with its dual U’). We consider the control system with state space V', control space

U, and varying initial time ¢ > 0, described by

y'(r) = Ay(7) + Bu(r), 7>t

(3.1)
y(t)y =z eV,

where A and B are linear operators, possibly unbounded. Moreover, we take a convex functional
of the following type

(3.2) J(t,z,u) = /t+<>° e g0 (y(7)) + ho (u(7))] dr

where the function go and hy are convex functions. The problem (P) is that of minimizing
Joo(t, x, u) with respect to u, over the set of admissible controls
(3.3) IR (t, +o0;U) = {u: [t,+00) = U ; T+ u(T)e_% € LP(t,+o00;U)},

which is a Banach space with the norm
+o0o \ _A(,)
’u‘L’A’(t,-&-oo;U) :/ |u(T) %ei Tdr = |e P u(’)’LF’(t,—&-oo;U)'
t

Remark 3.1. In the above problem no constraints on controls or on states are assumed al-
though, in economic applications, the state represents capital stock, usually assumed nonneg-
ative. Here we proceed along with the frequently used idea (see e.g.[36]) to check ex post that
the constraints are satisfied by the optimal trajectories of the unconstrained problem, so those

trajectories are optimal also for the constrained problem. [ ]
The basic assumptions on the data are stated below and will hold throughout the paper.

Assumptions 3.2. (1) A: D(A) C V' — V' is the infinitesimal generator of a strongly
continuous semigroup {€"™},>¢ on V’. Moreover there exists w € R such that®

e x|, < ez, VT > 0;

When w > 0, a semigroup S(t) with this property is usually called a pseudo-contraction semigroup, as

e~“tS(t) is a contraction semigroup with generator A — wl.
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2) B e L(U,V');

3 go c Eo< )
4 : U — R is convex and lower semi—continuous, 0hg is injective.

(2)
(3)
(4) h
(5) h ()—0 hi € Lo(U);
(6) Ja> 0,3 R, Ip>1: ho(u) > aluly, + b, Yu € U;
(7)

7 A > w.

In proving some results we will need to specify the assumption (7) above as follows.

Assumptions 3.3. In addition to Assumption 3.2, we require that either
Hp>2, A>Q2w)Vw
or

(2) g0 € Bi(V').

The adjoint of A in the inner product of V' is denoted by A*, while the adjoint of A with
respect to the duality (-,-) in V, V' is the unbounded operator A} on V', A : D(A}) CV — V.

Remark 3.4. We recall that, if a function h : U — R U {400} is lower semicontinuous
and convex (and not identically +o00), then the subgradient Oh is defined as Oh(u) = {u* €
U : h(v) —h(u) > (u*,v —u)y, Yo € U}. Moreover if Oh is injective then h* is Fréchet
differentiable with (h*)'(u) = (0h)™*(u) for all u € U. |

3.3. Optimal investment with vintage capital is of type (P) . We end the section by
showing that the problem of optimal investment with vintage capital described in Section 2
falls in the general class (P) described above and refer interested readers to [42] for full detail.®
We at first formulate an intermediate abstract problem in H = L?(0,3), the space of square
integrable functions of Variable s, using the modified translation semigroup {e?°*};>o on H,
namely the linear operators e4* : H — H such that

[ f](s) = f(s—t)e ™, ifsct3], and [e* f](s) = 0 otherwise.

If H1(0,5) = {f € L*0,3) : f' € L*(0,5)}, then the generator of {e40!},5o is the operator
Ay D(Ay) C H— H, with

D(Ag) ={f € H'(0,5): f(0) =0},  Aof(s)=—['(s) — uf(s).
The adjoint of A is then Af: D(AS) — H with
D(A5) ={f € H'(0,3): f(3) =0},  [A5f](s) = f'(s) — puf (),
generating itself a modified translation semigroup {e‘};>o on H, given by
(M f](s)=f(s+t)e ™, ifse[0,5—t], and [eA'f](s) =0 otherwise.

6See also [34], [18] or [69] for the general theory of strongly continuous semigroups and evolution equations.
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The control space is U = R x H, the control function is a couple
u = (up,uy) : [t,+00) - R x H,
and the control operator is given by
Bu = B(ug,u1) = uy + ugdy, for all (ug,uy) € R x H,

dp being the Dirac delta at the point 0. With this notation, the original state equation (2.1)

can be written as

K'(1) = AgK(7) + Bu(r), 7>1

(3.4) ()

Note that H and U are Hilbert spaces, and that B is unbounded, meaning that it is not a
continuous operator from U to H (unless ug = 0, corresponding to identically null boundary
control uy(7)), for the Dirac delta does not lie in H. Then (3.4) needs to be interpreted in a

suitable way, for instance in an extended state space.

Then we generalize all previous notions to a wider space. We set V' = D(Aj), and assume V’
as state space of the abstract problem. Indeed by standard arguments (see e.g. [34, Section
I1.5]) — and in particular by replacing the scalar product in L? with the duality pairing (¢, 1)
with ¢ € V', ¢p € V (coinciding with the inner product in L? when ¢ € L?) — the semigroup
{e/}, can be extended to a strongly continuous semigroup {e*},;50 on V', by setting

(3.5) (eMp, f) = (p,eM'f) for every f €V, €V,

The generator of {e!};5¢ is the operator A : D(A) C V' — V', with D(A) = H. Moreover the
semigroup {e9!};5¢ can be restricted to a strongly continuous semigroup on V', with generator
the restriction of A} to D ((A§)?). Such restriction is exactly the adjoint of A in the duality
(+,+) and is then denoted, as in the previous subsection, by Aj.

The role of H is that of pivot space between V and V', namely V C H C V' with continuous
inclusions. The control operator B is then in L(U, V’). Its adjoint is given by

(3.6) B*:V — U, with B*v = (v(0),v).
It is also useful to note that A~ is well defined and that

(3.7) [—A7160)(s) = e, while [-A™f](s) = /S e H=9) f(0)do, for all f € H
0

The target functional is also interpreted on extended spaces once the production function is

described as

(3.8) QK (7)) = (o, K(7))
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where, the duality pairing (-, -) between V and V' has replaced the scalar product in L? in the
original definition (2.2) of @, and ¢ : U — U. Then (2.4) becomes

I(t,x; ug,uq) = /t Ooe’AT[R((a,K(T») — C(uo(T), uy(7))]dr

The firm’s optimal investment problem falls into the wider class described in the next theoretical
sections, provided it is reformulated as a minimization problem, where the functions gy and hg

there described are chosen as

(3.9) go(z) := —R({a, ), ho(ug,ur) = C(ug,uy).

Indeed the following Lemma holds true.

Lemma 3.5. Assumptions 2.2 imply, along with the above definitions of A and B and (5.9),
that Assumptions 3.2 are satisfied with w = —p. Furthermore if p > 2, then Assumption 3.3
(1) is satisfied. If instead if p > 1 and R has at most linear growth, Assumption 3.3 (2) is
satisfied.

Proof. Assumption 3.2-(1) is satisfied with w = —pu since, for every ¢ € V'’ we have, by definition
of V/

e ¢lvr = sup (746, f) = sup (g, ™5 f) < sup [plyr]e™ 0 fly < el
[flv=1 [flv=1 [flv=1
Assumption 3.2-(2) is trivially satisfied as pointed out above in the definition of B. By As-
sumption 2.2, a € V' and gq is a Fréchet differentiable convex function of z € V', with Fréchet
differential g(z) defined by ¢ (x)[s] = —R'({a, x))a(s) . Such differential is a Lipschitz contin-
uous function of z, with Lipschitz constant Lip(g)) = Lip(R')||?,, as

(3.10) lgo(x) — go(W)lv < [R'({er, ) = R'({a, y))elv < Lip(R)[{a, x = y)l[ely
< Lip(R')|afy |z — ylv.

so that Assumption 3.2-(3) holds true. Assumptions 2.2(i7) coupled with Remark 3.4 implies
both Assumptions 3.2 (4) and that A is convex and Fréchet differentiable. The fact that A
has Lipschitz differential is implied by (7ii), so that also (5) holds true. Clearly (iv) implies
(6). The last statement is straightforward. O

Remark 3.6. It is important to note that, in the case when the functions R and C' are both
quadratic, neither (1) nor (2) are satisfied in Assumption 3.3. Nonetheless necessary and
sufficient conditions of optimality (see Theorem 4.5) hold true, and the value function results
regular (see Remark 4.4 and Section 5.2.1 for details). [

Remark 3.7. As we briefly mentioned in the introduction, our theoretical framework can be
adapted to other applications which display a similar structure, in particular to harvesting
models with age-structured populations. As an example we mention the problem in Anita

[2], Section 1.1. In this case, our theorems cannot be applied as they are for the following
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technical reasons: (a) the presence of different boundary conditions, which call for a different
space where the state variable lives; (b) nonlinearities in the state -control couple; (¢) a current
reward function not separating the state and the control. Nonetheless we believe that our
technique can be shaped also for such cases. This is left for future research.

4. EQUILIBRIUM POINTS

Although the core of the section is the definition of equilibrium points of the abstract prob-
lem (P) and the investigation of their properties, some results are needed beforehand. Those
obtained via Dynamic Programming, and contained in [45], are recalled for the reader’s conve-
nience in Section 4.1. On the other hand, Section 4.2 contains new material, and in particular
a version of the Maximum Principle for problem (P). Finally Section 4.3 contains the analysis
of equilibrium points.

4.1. Dynamic Programming for problem (P). We here recall the main results contained
in [45]. If the value function is defined as

4.1 Z(t,x) = inf J(t,x,u),
(41) (t,2) ueL? (t,400;U) ( )

and, if one sets Zy(x) := Z(0,x), then Z(t,z) = e *Zy(x), so that the Hamilton—Jacobi-
Bellman equation associated to the problem by means of Dynamic Programming reduces to
that with initial time ¢ = 0, that is

(4.2) () + (Y'(x) , Ax) = ho(=B*¢'(x)) + go(x) = 0, z € H
(with v the unknown) whose candidate solution is Zy(x). We refer to p — h{(—B*p) as to the

Hamiltonian function.”

Definition 4.1. A function v is a classical solution of the stationary HJIB equation (4.2) if it
belongs to (V') and satisfies (4.2) for every x € D(A).

Theorem 4.2. Let Assumptions 3.2 and 3.3 hold. Then there exists a unique classical solution
U to (4.2) and it is given by the value function of the optimal control problem, that is
U(x) = Zy(z) = inf J(0,z,u).

u€LX (0,+00;U)

Once we have established that W is the unique classical solution to the stationary HJB equation,
and since V¥ is Fréchet differentiable with Lipschitz derivative, we can build optimal feedbacks
and prove the following theorem.

Theorem 4.3. Let Assumptions 3.2 and 3.3 hold. Lett > 0 and x € V' be fixed. Then there
exists a unique optimal pair (u*,y*) at (t,z). The optimal state y* is the unique solution of the
Closed Loop Equation

"Note that the function usually called Hamiltonian would be (p,z) — (p, Az) — hi(—B*p) + go().
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y'(1) = Ay(7) + B(hy)' (=B*V'(y(1))), 7>t

) yt) =z eV’

while the optimal control u* is given by the feedback formula
u*(s) = (hg) (=B"¥'(y(s)))-
where the optimal feedback map x — (h§)' (—B*V'(x)) is Lipschitz continuous.

Remark 4.4. There are relevant cases when Assumption 3.3 is not satisfied. One such example
is the case, important for the applications, when costs gy and hq are quadratic (or linear +
quadratic). Nonetheless Theorems 4.3 remains true, with identical proof to that provided in
[45], if the value function Zy is in CJ;,(V’). Indeed the regularity of Zy implies that Z is
a classical solution of the associated HJB equation (4.2) (to this extent see e.g. [64], ch. 6,
Proposition 1.2, p. 225). In the case of quadratic costs, for instance, one proves that Z; is itself
quadratic, and hence in Ciip(V’ ). Note also that if Z; is not differentiable, then the closed loop
equation (4.3) holds in the weaker sense of (4.8), as specified in the next section. [

4.2. Maximum Principle for Problem (P). The results contained in this section, namely
Theorems 4.5 and 4.6, are new to literature and add to the theory developed in [39, 41, 42, 44,
45]. They establish a Maximum Principle for the problem at hand, and connect it to the results
on Dynamic Programming contained in those papers. The reader may find all of the proofs
in the Appendix, as well as some additional results. We advise the reader that, differently
from [45] and in view of Remark 4.4, the new results are proved avoiding Assumption 3.3.
As a consequence, if on the one hand the regularity of the value function Z, of (P) does not
necessarily hold true, on the other hand we are able to treat the case of the limit exponent
p = 2, and hence of quadratic costs gy and hg, so important for the applications.

In order to establish a maximum principle, we first need to define a dual system associated to
the mimimization problem. For all fixed z € V/ and t > 0, we consider the equation

(4.4) m(1) = (A= ADx(7) — go(y(7)), 7 €[t +00)

where 7 : [t,400) — V (the dual variable, or co-state of the system) is the unknown, and
y =y(;t,z,u) is the trajectory starting at x at time ¢ and driven by control u, given by (3.1).
We assume such equation is also subject to the following transversality condition

(4.5) lim e“ N7 (T) = 0.

T—4o00

When necessary, we denote any solution of (4.4)(4.5) also by 7 (+; ¢, x,u) or by 7(-; ¢, z) to remark
its dependence on the data.

Heuristically speaking, the candidate conditions of optimality associated to the problem are
the following;:
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(

y' (1) = Ay(7) + Bu(1), T>t
y(t) =z

(4.6) (1) = (A= AD7(7) — go(y(7)), 7=t
TE)I—EOO X (T) =0,
| —B*n(7) € Oho(u(T)), T > t.

The ODEs for y and 7 appearing in (4.6) are intended, as it is usual in these cases, in mild

sense, see Definition A.1 in Appendix A. Moreover, by conjugation formula, we have
(4.7) —B*r(7) € Oho(u(r)) <= u(r) = (h{)' (—B*w(7)).

We refer to (4.7) as to mazimum condition. It has to be satisfied for a.a. 7 > t.
The conditions listed in (4.6) prove to be necessary and sufficient for optimality for all p > 2,
in the sense specified next.

Theorem 4.5. (Maximum Principle). Let Assumptions 3.2 be satisfied. Letp > 2, q = o
and A > (2w)Vw. Lett >0,z € V.

(i) Let (u,y) € IX(t,+o00;U) x Lj

loc

(t,+00; V') be a given admissible pair at (t,x). If there
exists a function m € Li(t,+o0; V) satisfying, along with u and y, the system (4.6), then
(u,y) is optimal at (t,x) for the problem of minimizing (3.1)(3.2).

(17) Assume further that, either p > 2 and A > 0, orp = 2, A > 0 and w < 0. Then
the viceversa of (i) holds, i.e., any couple (u*,y*) optimal at (t,x) necessarily admits a
costate m € L§(t, +o0; V) satisfying, along with u* and y*, system (4.6).

The next theorem containes the so-called co-state inclusion. Note that the case of p = 2
is discussed separately, as the value function is not necessarily Fréchet differentiable (unless
Assumption 3.3 holds or ad hoc regularity results are given).

Theorem 4.6. (Co-state inclusion). In Assumptions 3.2, for A > max{0,w, 2w}, suppose
that either p > 2, or p = 2 and w < 0. Let (u*,y*) be optimal at (t,x) € [0,400) x V', and
let 7 (-;t,x) € Li(t,+00; V) be the associated co-state. Let also Zy be the value function of
problem (P). Then

(i t,x) =7 (T 7, y" (7)) € 0Zy(y™ (7)), V7T >t
where 07y is the subdifferential of the convex function Zy. If in addition p > 2, then Zy € 3o(V")
and Zy coincides with V, so that

i (rit ) =t (mTyT(r) = V(yt(r), VT =t
Remark 4.7. Note that, for p > 2 and A > 0, and by making use of Theorem 4.5, and of
equations (4.6) and (4.7), one obtains

Y (1) = Ay(7) + B(hy) (—B*x (1)), T>t
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so that the general version of the closed loop equation (4.3) becomes a differential inclusion
(4.8) y'(r) € Ay(r) + B(hg) (=B 0Zo(y(7))), 7=t

also to be intended in mild sense. [ |

4.3. Equilibrium points. We give two different definitions of equilibrium points for problems
(P), and later show to which extent they are equivalent.

Definition 4.8. A MP-equilibrium point of problem (P) is any stationary solution (Z,m,u) €
V' x V x U of (4.6). This is equivalent to require that(z, 7, u) belongs to D(A) x D(A}) x U
and satisfies

(4.9) (A= AD)F — gh(@) = 0,

A CLE-equilibrium point of problem (P) is any & € V' that is a stationary solution of the
closed loop equation (4.8). This is equivalent to require T € D(A) and

(4.10) Az + B(hy)'(—B*0Zy(z)) 2 0.

Remark 4.9. When 0 € p(A) and X € p(A7), then (4.9) is equivalent to
T=—-A"'Bu

(4.11) T =(A— A7) g(@),
7= () (~B7))

and (4.10) is equivalent to

(4.12) T € —A'B(hy) (—B*0Zy(%)).

As a consequence of Remark 4.4, the equations (4.8), (4.10) and (4.12) hold as equalities with
U’'(z) in place of 0Zy(Z) when Z, Fréchet differentiable in V' (e.g. when p > 2, or when
regularity can be proven separately). [ ]

The proof of the equivalences in the above definition is straightforward as they are based on
standard regularity of convolutions of semigroups. We omit them for brevity.

We have the following result.

Theorem 4.10. Let Assumptions 3.2 be satisfied, p > 2, A > (2w) V w.
(i) Let (z,m,u) € D(A) x D(A}) x U be any MP-equilibrium point. Then the constant

control u is optimal at (0,Z) and

(4.13) Az + B(hg) (=B (A — A})"'gy(2)) =0,
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moreover T s a CLE-equilibrium point and
(4.14) 070(7) 3 (A — A} gh(@).

(17) Let © € D(A) be a CLE-equilibrium point, A > 0. Let either p > 2, orp =2 and w < 0.
Assume that Zy is Fréchet differentiable in V'. Then (&, 7,0), where

7= (A=A lg(2) and a:= (h)) (—B*7),
is an MP-equilibrium point, the control u is optimal at (0,2) and Zj(z) = 7 = (A —

A7) gh ().

One important consequence of the above theorem is that it provides the following equation for
a CLE-equilibrium point (or for the first component of an MP-equilibrium point)

(4.15) AT + B(h2) (=B (A — A "1g)(z)) = 0.

In addition, whenever 0 € p(A) (this assumption is satisfied in the optimal investment problem
with vintage capital described in Section 2) solutions of (4.15) can be regarded as fixed points
of the operator T': V! — V', defined by

(4.16) Tz :=—A"'B(hy) (=B*(A — AN 'g) ().

For the applications, the most efficient way of making use of such relations is to rewrite them
in terms of the specific sets of data, and compute when possible the optimal equilibrium distri-
butions. In particular, in Section 5 we will see how (4.16) is interpreted in terms of the data of
optimal investment with vintage capital, so that fixed points of T" may be directly computed
by solving a numeric equation.

However, in the general case, it is possible to provide sufficient conditions for the existence and
uniqueness of a fixed point of the operator T using well known fixed point theorems although,
as one expects, such conditions may hardly be very sharp. To this extent, we provide here only
Lemma 4.11, which is a straightforward application of the contraction mapping principle.

Lemma 4.11. Let Assumptions of Theorem 4.10 be satisfied. Assume moreover that
A =w > (A el BlZwwy [ (hs) Tlgo).
Then there ezists a unique solution T € D(A) to the equation (4.16).

Remark 4.12. The operator T above is considered as an operator from V' to itself. Since its
image is contained in D(A), when looking for fixed points, it is also equivalent to look at it as

an operator from D(A) to itself, considered as a subspace of V', as done in Lemma 5.4. [ |

Remark 4.13. All above results could be generalized to the case in which we have state
constraints and the function gy is convex but not necessarily Fréchet differentiable. This could
be done using the results of [43] and generalizing them to the infinite horizon case, using the
same arguments in [54]. Clearly, at points where gy is not Fréchet differentiable, one would

have to choose an element of the subdifferential of gy. [ |
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4.4. Stability. Once existence (and possibly uniqueness) of equilibrium points is proven, it is
possible to study their stability properties adapting known results such as those in [60] or in
chapter 9 in [65], or by direct proof, as we see next. In all cases, stability will be proven with
respect to the topology of V’. For the reader’s convenience we recall the definition here below.

Definition 4.14. A CLE-equilibrim point & € D(A) is stable in the topology of V' if, Ve >
0,39 > 0 such that, if v € V' and x*(-) is the optimal trajectory starting at x, then |x — Z|y <
§ = |x*(t) — Z|y < e. If in addition limy_, |x*(t) — Z|y» = 0 then T is asymptotically stable.
Finally, if the same property hold true for all x € V', then T is globally asymptotically stable.

The first criterium to establish stability is contained in the following proposition and makes
use of the linearization method. The proof follows from Corollary 2.2 in [60].

Proposition 4.15. (Stability by linearization) Let Assumption 3.2 be satisfied and ¥ € C7, .
For x € V' set f(x) := B(h§)(—B*V'(x)), and assume that & € D(A) is a CLE-equilibrium
point for (P), that f is continuously Fréchet differentiable at a neighborhood of T, and denote
by oz the spectrum of the operator A+ f'(z). If sup(Reoz) < 0, then T is stable in the topology
of V'. Moreover, it is also asymptotically stable in the topology of V'. If sup(Reoz) > 0, T is
unstable in the topology of V'.

Another result that can be used is the following. Recall that (-, )+ indicates the inner product
in V.

Proposition 4.16. (Stability by dissipativity) Let Assumption 3.2 be satisfied and let ¥ €
CrLyp(V'). Forxz € V', and f(z) = B(hy)' (—=B*Vi(x)), and assume that, when x € D(A), the
solution of the closed loop equation

y'(t) =Ay(t) + f(y(t), t>0

y(0) ==,

belongs to D(A) for allt > 0. Let & € D(A) be a CLE-equilibrium point for (P). Assume that

A+ f is dissipative near T, i.e. there exists an open ball I1(Z) in V' centered at T, and & < 0
such that, for every x € 1(x) N D(A),

(4.18) (A(x —2) + f(z) — f(@)|x — Z),, < &z —z[}.

Then T is stable in the topology of V'. If & < 0 then T is asymptotically stable in the topology
of V'. If A+ f is dissipative on the whole V' and & < 0 then T is globally asymptotically stable.

(4.17)

Corollary 4.17. Let the assumptions of Proposition 4.16 be verified, except (4.18). Let the
operator A satisfy (Az|z)y: < —0|x|}., for allz in V', with @ > 0 a fized constant. If there exists
a neighborhood I of T where f is Lipschitz continuous (in the topology of V') with Lipschitz
constant strictly smaller than 0, then T is asymptotically stable in the topology of V'. If f 1is
Lipschitz continuous in V' with Lipschitz constant strictly smaller than 0 then T is globally
asymptotically stable.
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In particular, the above corollary may be applied to the examples in Section 5, see e.g. subsec-
tion 5.2.1.

5. APPLICATION TO OPTIMAL INVESTMENT WITH VINTAGE CAPITAL

The aim of this section is to show how valuable our general theory can be when analyzing
specific applications, and in particular when trying to derive analytic formulas for equilibrium
distributions. This process unfolds by computing MP-equilibrium/CLE-equilibrium points for
that problem rephrased in abstract form as in Section 3.3.
We begin by noting that the value function V(t,z) = eV (0,2) = e Vy(x) of the optimal
control problem described in Section 2 (see (2.5)), satisfies; as a consequence of (2.4), (3.9) and
(4.1),

Vo(z) = —Zo(x)
where Z is the value function, defined in Section 4.1, of the abstract problem (P) for ¢ = 0. Note
that Vj is a concave function, as Zj is convex. Note also that, under additional assumptions
(e.g. Assumption 3.3, or regularity assumptions on Zy), Z is the unique classical solution of
HJB equation (4.2) in the sense of Definition 4.1. As a consequence, the natural co-state for
the maximization problem would be

¢(r,5) = —m(7)ls],
with 7 the co-state of the abstract problem whose properties are described in Theorem 4.5

and 4.6. Then the optimality conditions (4.6) for a triplet (K™, (*,u*) can be written as the

following set of equations

(5.1 up(r) = (G5 (¢ (7, 0)),  ui(r,s) = ((CY)(C7(7; ) [s] = lea(s, )T (¢7(7. 9))

(5.2) (1, 8) = /56—(/\+u)(§—8) R (

S—

a(@)K*(1+ €& — s, Q)dQ) a(§)dg;

(5.3) Tl—i>r—ri-100 e ITET 5) =0, a.a. s €0, 3.
(5.4)
e P =S)g(s — 7+ 1) + fOT_t e tui(r—o,s—o)do se|r—t35], TE[t,5+1]
K(7,s) = e M9y (1 — s) + Jy e ui(t —o,s —o)do sef0,7—t], T €[t,5+1]
0 s€0,s], 7€ (E+t +00)

Note that (5.1) and (5.2) are derived from (4.6) by making use of (4.7) and (A.15), while (5.4)
is well known and can be obtained by means of characteristics method (see e.g. [15]).
The following proposition is an immediate consequence of Theorem 4.5 and of Lemma 3.5.

Proposition 5.1. Under Assumptions 2.2, with p > 2 and X\ > 0, the optimality conditions
(5.1)(5.2)(5.4) are necessary and sufficient for a couple (u*, K*) to be optimal at x for the

problem of optimal investment with vintage capital described in Section 2.
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5.1. Characterization of Equilibrium Points. It is natural to define an equilibrium point
for the problem consistently with Section 4.3. For the reader’s convenience, Definition 4.8 is
reformulated below in terms of the problem of optimal investment with vintage capital.

It is important to note that an equilibrium point is actually a function of the variable s (although

independent of t), hence an equilibrium distribution.

Definition 5.2. In reference to the the optimal investment problem with vintage capital:
(i) a MP-equilibrium point is a stationary solution (z,(, (g, %)) € L*(0,5) x H%(0,5) x
(R x L%*(0,5)) of the system of equations (5.1)(5.2)(5.4);
(it) for Vo Fréchet differentiable, a CLE-equilibrium point is any & € L*(0,5) which is a
stationary solution of equation (5.4) when

ug(T) = [(C5) (Vo (K™ (m, )0, wi(7, s) = [(CT)' (Vo (K™ (7, )))] [s].

Remark 5.3. Several remarks are here due.

(1) Theorem 4.10 implies, in the assumptions of Proposition 5.1 that (i) and (i) are
equivalent in the following sense: the first component z of a MP-equilibrium point
(Z,p, (g, 1)) is also a CLE-equilibrium point; conversely, when V4 is Fréchet differ-
entiable, a CLE-equilibrium point & can be used to build a MP-equilibrium point by
means of (5.1)(5.2)(5.4), having Z as first component.

(2) If V4 is not Fréchet differentiable, the closed loop equation (as well as the definition
above) may be generalized to a differential inclusion in the sense of (4.8), where V{ is
replaced by the superdifferential 0Vj.

(3) Definition 5.2 is consistent with Definition 4.8 as here D(A) = L*(0,5) and D(A}) C
H?(0, 5).

|

We further characterize MP-equilibrium/CLE-equilibrium points as fixed points of a suitable

operator. To this extent we define

(5.5) a(s) = / e~ BN o (0)do
i.e. a(s) is the discounted return associated with a unit of capital of vintage s.

Lemma 5.4. Under Assumptions 2.2, T is a CLE-equilibrium point if and only if it is a fived
point of the operator T : L?(0,5) — L*(0,5) defined by

(5:6)  (T2)[s] = (G5) (R (o 2))a(0) e + / e, )] (R (o a))alo)) do,
that is, if and only if (Tx)[s] = Z(s) for a.e. s in [0,5]. Moreover (¥, (, (1o, ;) where
(5.7) ((s) = R'({a,2))a(s), u(s) = (hg) (B*C)(s), for a.e. s €0,35]

18 a MP-equilibrium point.
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The proof of the lemma is contained in Appendix C.

Note that solving the equation Tx = = within a space of functions is not particularly handy.
Nonetheless solving such functional equation is equivalent - and in the generality of cases - to
solving a numeric equation. In this sense, the following theorem contains the most interesting
result of the section.

Theorem 5.5. Let Assumptions 2.2 be satisfied, and let T be given by (5.6). Moreover, for
any n € R and s € [0, 5], consider the function

(5.8) FTU)@]==(CSY(U@UD)€”S+-]g86“@”WOKU,J*T(H@(U))dl
Then x € L*(0,35) is a solution of Tx = x, if and only if

(5.9) z(s) = F(n)]s]

with n a solution in R of

(5.10) n=R({o, F(n)))-

The proof of the theorem is contained in Appendix C.

Remark 5.6. Note that the solution of (5.10) is unique and nonnegative when, for instance,
R'({a, F(0))) > 0. Indeed R’ is decreasing and C{ and ¢;(c,-)* are convex functions, then the
right hand side of (5.10) is a positive decreasing function of 7. Hence the function

(5.11) 0(n) :==n — R'({o, F'(n)))

satisfies 6(0) < 0, is strictly increasing to +o00, and hence has exactly one nonnegative zero. 1

Note that (5.6) and (5.9) are general formulas, holding for any choice of costs and revenues,
as long as they satisfy Assumptions 2.2. More explicit formulas for the optimal equilibrium

distribution may be derived once costs and revenues are further specified.

5.2. Linear-quadratic costs. Now we make formulas more explicit in the case of cost func-
tions satisfying (2.7). We derive

(5.12) Ci(po) = %, Cr(py) = /05 (M(Sjﬁ:(il)(s)) ds
so that
(€ () =P () () = P )
In this case, (5.6) becomes
(T2)s] = R ({a, wg)ﬁf(O) — 40 s N /08 . R'({a, x)Q)Bal((Z; — ql(a)da

(5.13) = R'({a,z))wi(s) — wa(s)
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where w; and ws, are the positive functions

— d(O) —ps ’ —p(s—o) d(U)
(5.14) wi(s) = e e —l—/o e (o) (U)da

_ 4o —pus ’ —p(s—o) q1(0—>
(5.15) ws(s) = 2506 +/0 e —2/61(0)da.

If in addition we define the positive coefficients

(5.16) ¢ = (wy,a) = /08 a(s)wy(s)ds, co = (we, ) = /OS a(s)ws(s)ds.

then the following result follows as a consequence of Theorem 5.5.

Corollary 5.7. Let Assumption 2.2 and (2.7) be satisfied. Let wy, ws, ¢1, and co be defined
respectively by (5.14), (5.15) and (5.16). Then (z,(, @) is a MP-equilibrium point if and only
if 1 € R is a solution of

(5.17) n=R(nc —c).

and
z(s) = —wa(s) + qwq(s).
and moreover ( and u are given by (5.7). The constant control @ is optimal at T, T is also

a CLE-equilibrium point and, if Vi is Fréchet differentiable, then it is also the unique CLFE-
equilibrium point.

Remark 5.8. If the CLE-equilibrium point z identified by Corollary 5.7 is such that z(s) > 0 at
all s, then 7 is also a CLE-equilibrium point for the problem with state constraints K (,s) > 0
for all s and 7 (see also Remarks 2.1 and 3.1). [

Remark 5.9. Note that Assumptions 2.2 are satisfied here with p = 2, so that V4 is not
necessarily Fréchet differentiable. That implies that, although the first component ¥ of a MP-
equilibrium point (z,(, %) is also a CLE-equilibrium point, the viceversa may fail: there may
be CLE-equilibrium points which do not derive as first components of a MP- equilibrium point,
i.e. solutions of the stationary closed loop equation which fail to be optimal. For a further
discussion on regularity of Vj, the reader is referrred to Section 5.2.1. [ |

Once R is chosen, the results in Corollary 5.7 leads to an explicit formula for that CLE-

equilibrium point, as illustrated in the next lemma.

Lemma 5.10. In the assumptions of Corollary 5.7, there exists a unique CLE-equilibrium point

Z, described by the formuals below, for the associated choices of the revenue R:

(i) If R(Q) = —aQ* + bQ, then

_ 2ace + b
Tr=—wy+

2T + 2a01w1;
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(i) If R(Q) =In(1+Q), for @ >0 and R(Q) = Q for Q <0, then

\/(1 —02)2 +4Cl - (1 —Cg)

T = —wy+ 201 w1
(iii) If R(Q) = b[(v + Q)Y — v], with v € (0,1), b,v > 0, for Q >0 and R(Q) = yv"~'Q for
@ <0, then T = —wq + Nwy where 7 1s the unique positive solution of
_ by
" (v+ e —c)t=7

() If R(Q) = bQ", with v € (0,

(0,1), b > 0, for @ > 0, and R(Q) = —oo for Q < 0 (case
with state constraints) then T =

—wq + Nwy where 1 is the unique positive solution of

_ by
T= e =)=

Proof. The proof follows from straightforward computations. 0J

5.2.1. Stability of Equilibrium Distributions. We close the section on linear-quadratic costs (2.7)
by briefly discussing stability of equilibrium distributions and, in some subcases, the regularity
of the value function, by applying the results contained in Section 4.4. The concept of stability
here used is that of Definition 4.14, which is natural in this context. We remark though that
the convergence of functions there mentioned (i.e. in the topology of V’) is not a convergence in
the space L?(0, 5) but, roughly speaking, the (weaker) convergence of their primitive functions.

Lemma 5.11. In the assumptions of Corollary 5.7, suppose in addition that the value func-
tion Vy is Fréchet differentiable, and set & = —p + [Volp|0o3/(450), where [Vo]y, indicates the
Lipschitz constant of the gradient Vy. If &€ < 0 (respectively, & < 0) then T is stable (resp.,
asimptotically stable) in the sense of Definition 4.1/.

The proof of the lemma is contained in Appendix C.

Remark 5.12. In particular, the previous Lemma applies when R is of the type described in
Lemma 5.10 (7). Indeed with some extra work one shows that in this case the value function
of the abstract problem is of type

U(z) = (Cz,x) + (d,z) + e,

for a suitable linear operator C': V! — V, d € V and e € R, where V and V' are the spaces
introduced in Subsection 3.3. Hence V is differentiable with Fréchet differential V'(z) = Cx+d,
and V], = ||C||z,vy (for a proof, we refer the reader to [61], vol 1, ch.2). This applies in

particular to the linear-quadratic examples of Section 6. [ |
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5.3. Linear-quadratic costs, constrained control. We now choose costs as in (2.8). We
then derive

9o (v) = sup {ou—fu’} =
Jul<M

© o] <28 M
M|v| — BM?  otherwise

Note that gf ,, is a C! function, with Lipschitz derivative

/ 35 <286 M
(g51) (W)= M v>28M
M v<?28M

As a consequence, the Legendre transform of C' is

C*(0) = G = ) + [ Gio,a0,(0(5) = a(s))ds
which is Fréchet differentiable with differential

(€Y (0)() = ((Gor) (00 = @0): (95u00) (01(5) = aa()))

while the operator (5.6) is given by

TM(s) = (Ghry) (R (v, @))a(0) —qo)e ™+ /0 e (9B (yan) (B ({, 2))a(o) —a(0))do

Remark 5.13. Note that, with this choice of costs C', Assumptions 2.2 are satisfied with p > 2

so that, by Theorem 4.2, the value function V; is in C}, . By Lemma 5.4 and Theorem 5.5 we

ip*
then get that there exists a unique CLE-equilibrium point, coinciding with the first component
of the unique MP-equilibrium point. [ ]

From this point on, one may procede as in the proof of Theorem 5.5 and Lemma 5.10 and
compute CLE-equilibrium points, once the data «, q1, ¢y are further specified.

5.4. Power costs. We now choose costs as in (2.10) and set ¢ = # . Note that p > 2 implies
q € (1,2). The convex conjugate of the costs are then

fo(v) = { (Bp)' =g 7101 — Bu+ B v > fpor!

5.18
(5.18) 0 v < BpoP~!

with Lipschitz derivative

oy ) Bp) Tt =0 v > ppert
(5.19) (£5) ) = { 0 v < BpdP~t.

As a consequence the Legendre transform of C' is
C*(0) = iyl —a0) + [ Fi0(w1(s) — as))ds,
0
which is a C! function with Lipschitz differential

(€ @)s) = ((£) (0 — a0): (5,09 (0a(s) —an(s)))
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Moreover
T(s) = () (R (o)) = m)e ™+ [ e (55,)) (R ((o.)t0) - (o))
0
Remark 5.14. Note that Remark 5.13 applies also to this case. |

5.5. Only investments in the newest capital goods. In many cases, firms cannot invest
in past vintages, but can only buy new machines (either because second-hand markets do not
exist, or it does not pay to buy used machines when to process changeover is too costly).

Our general framework applies also to this case, namely when investment is possible in only
new capital goods, corresponding to a null distributed control «; and the only boundary control

Uup active.
OK(rs) | OK(rs) 4 K (7,8) =0, (r,s) €]t, +00[x]0, 5]
(5.20) K(1,0) = uo(r), 7 €]t,+00]

K(t,s) =z(s), se€]l0,5]

In reference to Section 3.2, the problem is of type (P) with a few changes with respect to
the general model, namely: (a) the control operator is B : R — V' wy +— wugdp, with adjoint
B*:V = R, v = (d,v) = v(0); (b) costs are stripped down to Cy(up), with Cy and C§
convex-conjugate functions on R U {4o00}.

With those data, Theorem 5.5 holds true with F'(n)[s] = (C§) (na(0))e™**) so that

B

(F(n), ) = (06‘)’(77&(0))/ a(s)e™ds = (C7)'(na(0))y

0

where we defined v = f0§ a(s)e **ds. Then equilibrium distributions are characterized by

(5.21) z(s) = (C)'(na(0))e ™,  where 7] solves 1 = R/<(CS)/(T]O_C(O))’Y>
Specifying even further for linear-quadratic costs in new capitals, namely Cy(ug) = qoug + Boud,
one has
1
(5.22) T(s) = —(7@(0) — qo), where 7] solves 7 = R’(l (7a(0) — q0)>
260 260

Specifying also the revenues as R(Q) = bQ — aQ? in (5.22), we obtain 77 = -22T%0Y_ 4 that

aBo+aa(0)y
ba(0) —
I(s) = (}< U

2(ac(0)y + Bo)

Similar calculations can be performed for different choices of costs and revenues.

Remark 5.15. Using a delayed differential equation framework, the existing literature in this
field already analyzed models where it is only possible to invest in the newest generation of
capital goods (see, e.g. Solow et al. [70], Malcomson [66], Benhabib et al.[17] and Boucekkine
et al. ([21] - [24]).
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6. SENSITIVITY ANALYSIS IN TWO SPECIAL CASES

We here analyze further the case of linear-quadratic costs discussed in Section 5.2, and develop
sensitivity analysis accordingly. In particular we assume

(6.1) als) =a, Bi(s) = 0o, @(s) = qe ™.

Summing up, the objective functional of the profit maximizing firm is

(62) [T (r@uewn - [ (we s + i 9)) s ) a

— /00 e M (qouo () + %ﬁgug (t)) dt.
0

We study separately the cases of linear-quadratic and power revenues, depicted respectively
in Lemma 5.10 (i) and (éi7). Please note that, in this section, the equilibrium distribution is
denoted by K rather than by z.

6.1. Linear-Quadratic Revenues. We here assume

(6.3) R(Q) = bQ — aQ?
as in Lemma 5.10 (7), so that the equilibrium distribution there described equals
(6.4) K (s) = —ws (s) + 1w (s),

Given that by (5.5) one has

A — ’ ~(WtN©0=35) (g = @ 1 —(p+N)(5—s)
als e ado e
(5) /s Mt )\( )

one obtains by means of (5.14)(5.15)

o . 1 —eHs
6.5 wi(s) = ——— [ e™H5 — 6—use—(u+>\)s + +
0  (6) 250(#—1—)\)( 1
—(u+N)5
e (b+A) (6(/1,+)\)s . e—us))
20+ A ’
do _ _
6.6 wo (s) = — 2 (emws _omHs (1 — 4 w)).
( ) 2(> 2/30(M—w)( ( M ))
and
b+ 2acy
= 1+ 2ac
where
o (1—u ; 2u+A—1 .
6.7) ¢ = e M — 1)+ e*(Q,qu/\)s
o0 o 200 (14 A) u2( ) 120+ N)

435 1 1—WH+A%(wnﬁ
poo CupAN () p(p+A) ’
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KGs) 7
35T
30+

25T

20T

FIGURE 1. Capital stock in equilibrium distribution for all ages, s € [0, 3], based on the parameter
values a« = 3,80 =0.5,4 =0.2,A=0.1,5 = 10,90 = 5,w = 0.25,b = 1, a = 0.00004.

ENORI
50 T
40T
30 T

20t

FIGURE 2. Investment in equilibrium distribution for all ages, s € [0, 5], based on the parameter values
a=3,6=05u=02,X=0.1,5=10,90 = 5,w = 0.25,b = 1,a = 0.00004.

. aqo H—w— 1 _ e ks l e
68) 62_2ﬁo(u—w)< P )+ )>'

The explicit expression for the equilibrium distribution capital stock for every age, K (s),
allows us to obtain interesting economic implications. To illustrate, we establish some numerical
results, which mostly are analytically proved as well. We start out from the following parameter

values:
(6.9) a=3,60=05u=02,X=0.1,5§=10,90 = 5,w = 0.25,b = 1, a = 0.00004.

The equilibrium distribution capital stock is depicted in Figure 1.
We see that capital goods are non-monotonic with respect to age. To understand this, Figure
2 depicts equilibrium distribution investment behavior, where investment is given by
m(6) = g ([ e 0 200 = o)
260 \Js
with @Q* being the production quantity in the equilibrium distribution.
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Acquiring capital goods of older age is more attractive because they are cheaper (see (6.1)).
On the other hand their lifetime is shorter, so they generate less revenue, which makes older
capital goods less attractive. Figure 2 shows that the last effect dominates.

At first sight it is strange that K (5) > 0, because 5 is the age capital goods are scrapped.
However, the presence of the adjustment costs, %Bo [uq (¢, s)]g, makes that it is not optimal to
sell all capital goods of age 5. In fact, convex adjustment costs make investments continuous
over time, and thus also over age since age and time go together. Therefore, some of the capital
goods of older age are still left. This is confirmed in the investment graph of Figure 2, where
we also see that @ (5) is negative.

If we leave out the effect that older capital goods are less costly, the effect of having a shorter
lifetime when capital goods get older remains, and steady state investments decrease with age.
This holds when we put

(6.10) G =q (s) =0,

and, combining this with (6.4), (6.5), and (6.6), we obtain, when revenue is not specified, that

(6.11) K (s) = nwi(s)
-1
26, (T +A) (e_us e W0 WS))

no ~aNs LN _ s )
—— | € —Q \e — € .
250(M+>\)< 2#‘*‘)\( )

In the specific case of a quadratic revenue function we get

(6.12)
_ bwy (s)
K(s) = 1)
(5) 1+ 2acy
b ((ef,u,s . e*#Se*(/HF)\)g + i (1 . 67”3) _ 67(u+)\)§2M1+>\ (6(,u+/\)s _ 67”5))>

2Bo(g+>\) + 2aa (1;_; (e‘“g _ 1) + 2uHA—L —(2u+N)5 + %5

1—p=X (N5 )
n(2p+A) et >

1
T NG T G

Equilibrium distribution investments being decreasing with age, also result in a hump-shaped
structure of the steady state capital stock, like in Figure 1. The following proposition proves
this analytically for a general revenue function, thus based on the equilibrium distribution
capital stock specified in (6.11).

Proposition 6.1. Consider the vintage capital stock model (2.1), (2.2), ((6.2)-(6.3)) with
purely quadratic investment costs, i.e. we have (6.10) that partly replaces (6.1). Then equi-
librium distribution capital stock K (s) is positive for all s € [0,3], is increasing in age for
s € |0,s*] and decreasing in age for s € [s*, S|, where

1 2+ A . 1
6.13 * = ] 1 — p) et 1— 0.
(6.13) ° 2/L+)\n(ﬂ+)\ (( ne o 20+ A ~
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Furthermore, it holds that

(6.14) K (0) = % (1 — e BHV%) > g,

(6.15)
I (< no —us 1 —u5_—( +)\)§( 1 ) 1 1 )
KG)=—"t—(—e™[-14+=) +ere —1)4+== > 0.
) 250(M+)\)( ‘ ( u) o 21+ A fo 20+ A

Proof. From (6.12) we obtain that

_ 1 s Mt+A .
K ()= — 1Y -ns((q_ + 1 — e WS _ = LT oA NGEs)ons ) )
() 280 (1 + A) gk 2+ A 2+ A

from which it is straightforwardly concluded that K’ (s) > 0 for s < s*, with s* given by (6.13)

and vice versa.

To check whether s* is positive we need to show that

2+ A . 1
1 — p) el s 1— 1
LA (( He +“( 2u+A))> |

2+ A . 1
1— (nt+N)3 1—
T (( H)e +“( 2u+A))

2+ A 1
1—pu)+ 1-— =1
T (( ) “( 2u+A))

From (6.11) we straightforwardly obtain the expressions (6.14) and (6.15). To prove that

K (5) > 0 we have to show that

] 1 ) (1 1 1
R (e ) Iy Pl s oLl [y ) S >0,
( ,u) 2+ A o2+ A

which is true since

_ 1 - - 1 1 1
—e M -1+ =)+ e—ﬂse_(lﬁ‘)‘)s (_ _ 1) + = —
< u) 20+ A w2+ A

> 1 1+ ! l-l—l ! =0
o 2+ A woo2u+ A

which holds because

O

As a final illustration of the interesting economic results that can be obtained, let us focus on the
impact of the productivity parameter o. Figure 3 displays the equilibrium distribution capital
stock for different values of «. If we increase o from its original value 3, as in (6.9), to a = 12,
we see that the equilibrium distribution capital stock is still hump-shaped, but the difference
is that the firm buys more capital goods. Higher productivity makes investing in capital goods
more worthwhile. If we increase a even further to @ = 24, we obtain an equilibrium capital
stock where the capital stock is smaller for all ages. Concavity of the revenue function results in
some bounded optimal quantity level, which, due to the increased productivity, can be produced
by less capital goods.
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K(s)

FIGURE 3. Capital stock in equilibrium distribution for every age s € [0, 5] with parameter values
Bo = 05,4 =02XA=0.1,5=10,90 = 5,w = 0.25,b = 1, a = 0.00004, for « = 3 (solid), « = 12
(dashed), and a = 24 (dotted).

The non-monotonic behavior of the capital stock that is obtained when productivity parameter
« goes up, is an interesting result, from which an expected outcome of including technological
progress in the form of process innovation can be predicted. Increased productivity first re-
sults in more investments, but when productivity increases even further, investments go down
because the optimal quantity in this market can be produced by less capital stock. The latter
feature is new, and was for instance not derived in Feichtinger et al. (2006).

The non-monotonicity dependence of the equilibrium distribution capital stock on the pro-
ductivity parameter can also be analytically proved in the special case of purely quadratic

investment costs, as we do in the next proposition.

Proposition 6.2. In case of quadratic revenue (see (6.3)) and purely quadratic investment
costs, the equilibrium distribution capital stock, K (s) is increasing with the productivity param-
eter a for a € [0, &| and decreasing with o for a € [&, 00), where

A L +Clb2 >0
o =— o+ — —c
c1b > o4 2 ’

mn which
— 1 V=i M —(2u+A)§)
S TSy ( R ACE T
+; (f _ 1 1- (M + )‘)6—(“+>\)§)
200(u+A) \p Cu+A)(p+A)  p(p+A) ’
—w—1 L1 _
(6.17) =55 (ZO_ = (“ L” (1—e) +— (1~ ew3)>

Proof. From (6.4)-(6.8), (6.16) and (6.17) we obtain that

% 0 ba — 2acya® (s)
da  da \ 1+ 2acia? LN
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in which
1

1 -1 -
§) = —— eHs s tNS L T (1 _gmhs) _omWtNS__Z (outN)s _ ops )
#1(2) 250(/L+A)( p ) TSy )

> 0.

It follows that
0K  —2aciba’® — dacsor+ b
da (14 2ac,02)?

o1 (s).
Recognizing that the concave second order polynomial
—2ac1ba® — dacsar + b
has a negative root and a positive root being equal to &, gives the result of the proposition. [

Remark 6.3. Concerning the stability of the equilibrium distribution K, we observe that
Remark 5.12 applies here and may imply, depending on the value of the parameters, that K is
locally, or even globally, stable.

6.2. Power Revenues. In this section we derive that the same result as that in Section 6.1, i.e.
equilibrium distribution capital stock is hump-shaped in «, can be established for an alternative

revenue function based on the iso-elastic inverse demand function
_1
p=0bQ ",
in which € > 1 is the demand elasticity. Then the revenue function is
R(Q) =0bQ"

with v = 1 — 1/e. Since this revenue function has infinite derivative for Q = 0, it is not a C!

function. Therefore, instead we employ the revenue function

(6.18) R(Q)=b((0+Q) —0),

which approximates R (Q)) = bQ" for 6 small. We obtain from Lemma 5.10 (7i7) that for the
revenue function as defined in (6.18) and the investment costs being purely quadratic, which

implies that ¢y = 0, the n from (6.4) is implicitly determined by
(6.19) n(0+ne) ™ —by=0.

To establish the effect of the productivity parameter o on K (s) in the case of iso-elastic demand,
we first determine how 1 depends on «.. To do so, we first obtain from (6.7) that ¢ is a quadratic

function of o :

c1 = fo?
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with
1 1—p, 20+A—1 508
— eﬂs_l +—€(N+)S
d 250(,“"‘/\)( It ( ) i (2p+ )
_|_; (lg_ 1 1_(M+)‘)e(u+>\)s>
280(n+A) \p @u+A)(p+A)  p(p+A)

> 0.
This implies that we can rewrite (6.19) into
(6.20) n (6 + 17]6042)1_7 — by =0.

From the implicit function theorem we obtain that

o 20w
O n(l—v)+ fa’n+40 ’

whereas we also conclude from (6.20) that

(6.21) lim 7 (a) = 0.

a—0o0

Now we are ready to establish how K (s) depends on a. From (6.5) and (6.11) we get

K (s) = nayp(s),

with

_ ,—us —(p+N)s
((1 _ e—(u+>\)§)e—us + l—e™* _ ¢ 8 . (e(u+/\)8 _ e—us)) < 0.
W 21+

1
" 260 (A

Hence, we obtain

v (s)

Ok () _ i (s) (g—ZWrn)

_ 21—y’
N gD(S)n( n(l—v)+fa2n+9+1)

— w20
- SD(M( %(1—7)+fn+%+1>'

Since % (1 —7) + fn+ % is decreasing in «, and, due to (6.21), it also holds that

— 20 =9/ 41 > Ofora=0,
sl =)+fn+ 3z
2(1—7) f

— +1 < 0 for a— oo,
Hl=N+fn+ 5

we can conclude that we have proved the following proposition.
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Proposition 6.4. In case of iso-elastic demand and purely quadratic investment costs, the
equilibrium distribution capital stock, K (s), is increasing with the productivity parameter o for

a € [0,4], and decreasing with « for a € [&, 00), where & is implicitly given by

21—y S B
@A- Nt m@te 0

with

1 11—, _ - 20+A—=1 _5,ns 1.
;= (L )+ 22 ey L
P ESY AR A cey .
200(u+A) \@u+A) (p+A)  p(p+A)
> 0.

Remark 6.5. Concerning the stability of the equilibrium distribution K, we observe that
Lemma 5.11 applies here and may imply, depending on the value of the parameters, that K is
locally, or even globally, stable.

APPENDIX A. PROOFS OF SUBSECTION 4.2

We here present a detailed description of the material in Subsection 4.2 as well as all the proofs
of the results there stated. Firstly we note that solutions of the ODEs in (4.6) have to be
intended in mild form. That is expressed in the following definitions.

Definition A.1. Let Assumptions 3.2 be satisfied. Let t > 0 and let uw € LA (t,+oo;U). The
mild solution of (3.1) is the function y € L} (t,+00; V') given by

loc
(A.1) y(r) = T 04 +/ "1 Bu(o)do, T € [t,+oql.
t

The mild solution of (4.4)-(4.5) is the function 7 : [t,+oo[— V given by

+oo
(A.2) n(r) = / SN g1 () dor

A mild solution to the closed loop equation (4.3) is a function y € L}, (t,+o0; V') satisfying

(A.3) y(t) = Tz 4 /t ' eTTAB(RE) (—B*W (y(s)))do, T € [t,+ocl.

Lemma A.2. Let Assumption 3.2 hold, assume p > 2, q = 1% and A > (2w) V w. Let also
w € L8 (t,+o0;U). Then:

(i) m given by (A.2) is well defined and belongs to CO([t, +oo[; V);

(it) if p>2 and X\ > 0, then m € Li(t,+o0;V);

(46i) if p=2 and X > 0, then w € L3, _(t,+o0; V)N L*(t,T;V), VT < 400, € > 0;

(iv) if p=2, A\ >0 and w < 0, then ™ € L5(t,+o0; V).
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Proof. We first prove (i). Note that by assumptions on g, the integrand in (A.2) can be
estimated as follows

[N gty () v < lggls e T+ Jy (o))

Since A > w, to prove the first assertion, i.e. that 7(-) is well defined, it is enough to show that,
is in LY(7, +00).

By Assumption 3.2 (see also [45, Lemma 4.5]) one has

for every 7 > t, the map o — e~ A=) |y (7|

v/

ly(o)|,, < e Vx|, +/ e || B| gy u(r) |udr
t

(A.4) < Cev” (|a:|v, + / e—W|u(r)|Udr)
t

< Cre“?(1+ p(t, o))
for suitable constants C' (depending only on t) and C (depending on ¢, x, and u), where
|€q(%—w)t — eq(%—w)a| A 7& wp
p(t,o) =
|t — o] A= wp.

Hence
1
e~y ()], < Cre” NP1+ p(t, o)),
so that in the case A # wp one obtains

(A5) 6—()\—2w)0’p(t70.)% — |€—q(>\—2w)aeq(%—w)t . e—()\—qw)aﬁ S 02 6—()\—2w)0 v/ 6—%(/\—qw)a

for a suitable constant C5, whereas in the case A = wp one has
(A.6) e~ =27 ¢, a)% = e~ (A2 0|%.

Since A > (2w) V w then also A > qw since ¢ = p/(p — 1) € (1,2]. Hence, for each 7 > ¢, the
integrand in (A.2) is in L'(7, +o0; V).

The proof that 7 € CY([t, +00); V) follows from the dominated convergence theorem and the
fact that the above estimates does not depend on 7, when 7 is taken in any bounded interval.

Now we prove (7). We start by showing that p > 2 implies 7 € L{(¢,+o0; V). From the
estimates above, one has

! / ClewT +oo 1
wr O < R T g 00 [Tty o)l

= 71(7) +72(7) +73(7).

The function 7, is trivially in Li(¢, +oo;R), since A > 0. The function v, is in L§(t, +o00; R)
since, as observed above, it must be A > qw as ¢ € (1,2]. Regarding 73, in the case A = wp, it
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must be necessarily w > 0 (if not we cannot have A > w). Let then § > 0 such that A > 2w+24.
Since, by simple computations, (o — )%= < g1/7¢797 < (ged§)~/4, we then have

+00 (A—20) L Y +00 —20-3) Y e—()\—Zw—d)T
e VTNt —glado < (qed) 1 e” VT < (qed)” ! ————
/ = ofide < (qes) 0 [ < (gebd) s ———

Hence, in this case, for a suitable constant C'5 one has
(AS) 67)\773 (t)q < 0367)\76(1(/\%*))7'efq()\f2w76)7 _ Cgef[Af(eré)q]T;

the last is an integrable function in [t,4+00) by the choice of §. In the case A\ # wp, by means
of (A.5) one has

+o0 +oo
(A9) [ et mptoyidn <0y [ [ty i g

By (A.7) we then have, for a suitable constant Cy > 0,

1

(A10> 67)\7-’)/3(7')(] < 0467)\7—6(]()\7“])7 [67()\7200)7 Ve q(A—qw)q—]q < 04 [ef(quw)r Vi ef)\(qu)T:| ’
which implies 3 € L} (¢, +00;R) also in this case.

To prove (i) it sufficies to observe that p = 2 then (A.8)-(A.10) computed with ¢ = 2 and
A+ ¢ in place of A imply promptly 7 € L3, (¢, +00; V), Ve > 0.

Finally we prove (iv). Let p = 2. Observe that, for 7 > ¢,

+00 +oo
|7T(T)|V=/ NN ((o))do| < bl / eI 1 [y(o)].,)do

v
which implies

—AT —AT 1 e —(A—w)(o—T ’
e n(T)y < e M2 ghl3, [er (/ o~ (A—w)( >|y(g)|v,da> ] :

Since A > 0, the first term is integrable on [t, +00[. Concerning the second term we exploit
Jensen’s inequality to get

“+o0o \ 2 1 +oo \ )
(A11) ( [ e ‘”)("‘”!y(O)!V,da) < [ etk do

—w

Hence
(A.12)

/ _)‘T| ( )|2 dr < / —AT | /|2 1 1 / —(A—w)(a_’f)‘ ( )|2 d d
e T )|y, a7 e 2 g B + e o g T.
t t 0151 ()\ — w)2 A—w - y v/

The first term of the right hand side is 2|gg|3,e /(A — w)?. To estimate the second we use

Fubini-Tonelli Theorem (see e.g. [37, Theorem 1.33]), recalling that the integrand here is
positive. Indeed

400 +o00 +o0 o
/t e’\T/T e()‘“)(”T)|y(a)|‘2/,dad7-:/t ly(o) i,e(’\‘”)"/t e e drdo
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+o0 —wt —
. 2 7(/\70.))0'6 —€ .
= [ woR et i,

where, in the last step, we use that w # 0. To prove the claim it is now enough to prove that
the last integral Iy is finite. First of all, by (A.4), we have

1+ (/tg ewyu(r)!Udrﬂ

for a suitable constant Cj (depending on ¢, z, and u). We apply again Jensen’s inequality

o 2 efwt _ efwo (2
</ e “"u(r)|y dr) < —/ e_w|u(7’)|2Udr
t w t

+oo —wt __ ,—wo
I < Cs [ / R L e
t

w

+o0o e—wt — e wo 2 o
—i—/ e~ (A=3w)o (—) / e u(r)|? dr do
t w t

Since A > 0 and w < 0 the first integral of the right hand side of (A.14) is finite, positive, and,

its value is
1 1 1
—(A—2w)t ~ . > 0.
¢ w [)\ —3w  A- Zw}
Concerning the second integral of the right hand side of (A.14) (recalling that the integrand is

(A.13) ly(o)|2, < Cse*?

Vl

getting

Then we have

(A.14)

positive) we apply Fubini-Tonelli Theorem again, to get that it is equal to

+oo +o0 Wt _ p—wo 2
L ::/ e_wr’u(r)le/ e~ (A3l (—w ) dodr
t r

At this point we really need to use that w < 0% This implies that the squared fraction above
is smaller than e=2*? /(w?). Hence we have

1 e —wr 2 oo —(A—w)o 1 e —Ar 2
Il S E (& IU(T)’U e dodr S m (& ’U(?“)|U dr
t T t

Since u € L3(t,+o0;U) the above imply the finiteness of I; and, consequently, of I, which
proves the claim. O

Theorem A.3. Let Assumption 3.2 hold, let p > 2, q = ﬁ and A > (2w) V w. Let also
u € LA(t,+o0;U). If 1 € WhH(t,+o0; V) satisfies (4.4) almost everywhere in [t,+00) and
the transversality condition (4.5), then m is given by (A.2), that is w is the mild solution of
(4-4)-(4-5).

8This was not needed up to now. Above we only used the fact that A > 3w and, to simplify computations,

w # 0.
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Proof. By variation of constants formula, any 7 satisfying (4.4) a.e. must also satisfy
T
(A.15) m(r) = AT NI (T) +/ NN gl (4(0))do, VT > t, Y7 € [t, T).

Note that (4.5) implies

. (A7 =X)(T—7) < L (w=X)(T—71) _
I v = B e T =0.

hence by passing to limits as 7" — 400 in (A.15) one derives

T +00
a(r)= lim [ 4N g(y(o))do = / MmN gi(y (o)) do
T—+o0 /. -
where the last equality follows from estimates (A.5)-(A.6). O

We are now ready to prove the Maximum Principle.

Proof of Theorem 4.5 (Maximum Principle)
Let K : LE(t,400;U) — RU {400}, and G : L (¢, +00; U) — R U {400} be defined by

+o0 +oo
K@= [ e ot Gwi= [ e alylrite )i
t ¢
so that for all u € dom(K) N dom(G) we have
(A.16) J(u) = K(u) + G(u), and 0J(u) 2 0K (u) + 0G(u).
Claim 1: For u € int dom(K) we have
OK(u) =S, where
(A.17)
S ={peLi(t,+o0;U) : (1) € Oho(u(T)), for a.e. T € [t,+00)}

Indeed
(A.18)

0K (u) = {90 € Li(t,+o0;U)

/t ooe—/\r [ho(w(T)) — ho(u(T)) — (p(7)|w(r) — U(T))U]dT >0, Yw € LE(t, +oo; U)},

so that S C 0K (u) is straightforward. To show the reverse inclusion, we let ¢ be any fixed
element of 0K (u), E any measurable subset of [t, +00), and we set, for any w € L (¢, +00; U),

u(r), 7¢FE

(A.19) w(r) = o) e n

Clearly we still have w € L (t,4o00; U), hence we derive

/Ee)‘T [ho(w(T)) — ho(u(1)) — (p(7)|w(r) — u(T))U} dr >0, Yw € L (t, 4+o00; U).
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Since £ and w where arbitrarily chosen, the above implies
ho(w()) = ho(u(T)) — (¢(7)|w(7) —u(r))v 20, for a.e. T €0,+00)

that is, ¢(7) € Oho(7) for almost every 7 > 0.

Claim 2: Let (u,y) be admissible at (t,z). Assume that there exists m € Li(t,+o00; V') such that
(7, u,y) satisfies (4.6). Then (u,y) is optimal at (t,x).

Let v be any control in dom(G). Then
6) = 6w = [ [oly(riv) = auly(ri )] e e

+o0o T
> [ thotm), [ e Bw(o) - ule)do)e s

t
+oo

(A.20) /t
+oo

t
+oo
/ (B*e(T_")Algf)(y(T; u))|v(0) — u(a))Ue_)‘Tdea
oo A*—) A
_ / ( / BN g1 4y (1) )dr (o) — u(o)) e N do
t o

_ / " (Br(0) (o) - u(0)), e do
t
= (B'm,v— U)Lg(t,+oo;U),L§(t,+oo;U)
where we could exchange the order of integration since 7 is in L} (¢, +00; V') by assumption.
Then we proved that
B*m € 0G(u).
Now, by (4.6) we also know that —B*m(0) € 0ho(u(o)) almost everywhere in [t, +oo[; hence,

by Claim 1, we get —B*m € 0K (u). By (A.16) it follows that 0.J(u) > 0, that is, u is optimal
and (i) is proved.

Claim 3. Assume that, either p > 2 and A > 0, orp =2, A > 0 and w < 0. Assume that
(u*,y*) is optimal at (t,x), and let ™ be the associated solution of (A.2). Then G is Gateaux
differentiable in u* with G'(u*) = B*r*. Consequently 0J(u*) = B*n* 4 S.

First of all we recall that, by assumption and by Lemma A.2, we have 7* € Lf(¢,+o0; V).
Moreover, for any fixed v in L£ (¢, 400; U), and any € > 0, there exists 0 < ¢y < € such that

G(u* + ev) — G(u*) /+°° go(y(T;u* + ev)) — go(y*(7))

€ €

= e Mdr =

+0o0
— [ @y + vl + ) - () e s
t

+oo T
= / <g(l)(y(7; ut + GOU))a/ €(T_U)ABU(0)dU> e Mdr
t t
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Hence, arguing as in (A.20) to rewrite the term (B*m*, U>L§7Lz;, we get

‘G(u* +ev) — G(u¥)

€ - <B*7r*av>Li,L§

/+OO go(y(r;u” + ev)) — go(y* (7))

€

e dr — (B*r1*, V)L

l1ak%@%nu*+emﬁ)—gMyWT»ZZTéT””V%Wﬂdak”dT

+o0o T
< [g5]e€o / / e By(o)do
¢ t

We estimate now the right hand side in the case when p > 2 and X\ # wp. By Hoélder inequality
one has

2
e Mdr =: 1

v/

wT ! (A—w)qg !
<e e\r do “BHE(U,V’)|U‘L’;(t,+OO;U)
, t

/ e By(o)do
t

14

q <)\ > ||BH‘C(U7VI)’U|L§(t,+oo;U)

Then, for a suitable constant C5, depending on g, B and v, we have

2

Q|

A

voo| |G _ (3ot
fs%m/ eor | ¢
t

A ||B||‘C(U7V,)|U|L§(t,+oo7U) e_ATdT
q (5 — w)
+00 (A,) (A*)tg s
(A21> < 0560/ ‘6 p @) e\p ) e_( - w)rdT
t

+oo A 2
< 0560/ (e(;—w)qv' V. 1) q e—()\72w)7d7_
t

400 5
= C’5€o/ e’\(Tl)T Ve~ A2 g
t

Since p > 2 = A (% — 1) < 0, then one may let ¢ — 0 and obtains that the right hand side in
(A.21) goes to 0.

Let now p > 2 and A = wp. By Holder inequality one has

/ e By(o)do
t

wT T 7AU
< [IBllcw.vre e »"v(o)|ydo
t

v/

1
< ||Bllewyne? |7 =t |v|r ¢ o)
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Then, for suitable Cs > 0 we get
/ oo L 2 _—A
I < [90]60/ ‘HB”,C(U,Vf)ew\T — 7 |v] L2 (¢ ooty | V€T AT
¢
+00 5
< 0660/ |7 — tlae” =27y
t

and by letting ¢ — 0 the right hand side goes to 0.
Let now p =2, A > 0 and w < 0. Then we have

/ "4 By(0)do
t

2

T 2
< 1B [ / ew<““>|v<a>|da]
t

\vd
1 wW(T— T w(T—0
< Bl [0 =1] [ e uto) o
t

where in the last step we used the Jensen’s inequality. Hence, by using Fubini-Tonelli Theorem,

we get
+o00
J

+o0 1 -
< IBlZw / - [0 — 1] e / T (o) |Pdodr =
t t

+o0 +o00 1
— HB“%(U,V’)e/\t/ ew(ot)|v(a>|2/ - [ew(Tft) . 1} e*(A*W)(T*t)deO_ _
t o

w

2
e Mdr <

v/

/ e" 4 By(0)do
t

(A—w)(o—t) “Ao—t)

= |1BI e / T lept [€ - do <
v ' w A—2w A—w -

1 +o0 .
< HBH%(U,V’)m/t v(0)]?e ™ do

where, in the last inequality, we used that w < 0. This immediately implies that

1

I'< [96]€0||B||%(U,v')m|U|L§(t,+oo;U)

which immediately gives the claim.

Claim 4. Assume that, either p > 2 and A > 0, orp =2, A > 0 and w < 0. Assume that
(u*, y*) is optimal at (t,x), and let 7 be the associated solution of (A.2). Then (7*, u*,y*) is
a mild solution of (4.6).

We only need to prove that the last line of (4.6). From optimality of u* we have dJ(u*) 3 0.
Then Claim 1 and Claim 3 imply (4.7) and Claim 4 follows.
O

Proof of Theorem 4.6 Firstly we prove that 7*(¢;t,z) € 0Zy(x). We recall that in Theorem
4.5 we showed that —B*7*(7;t,x) € Jho(u*(7)) almost everywhere in [0,+00). Then, for all



EQUILIBRIUM DISTRIBUTIONS FOR OPTIMAL INVESTMENT

z € V', and an associated control u, optimal at (¢, %), we have

Z0(Z) — Zo(x) = e [J(t,z,u) — J(t,z,u")]

> [ b 50) v (0 - B st alat) - (e

Note that
+00
|0 ). 560 = 5 @y e =
t
“+oo -
-/ <95<y*<7>>7 ATa =)+ [ B(a() - u*<a>>da> AT =
¢ t
+oo .
— / <€(A1*)\)(Tft)96(y* (T)), 7 — f]f> dT—'—
t

t /tJrOO/tT <96(3/*(7—))7 eAr=o) (B(u(o) — U*(O'))> A=Y dodr.

The last term can be rewritten exchanging the integrals as
+00 400
|| e olate) - @), e o Vdrds =
t o
+oo

:/ (B (03 t,2)[a(0) — u*(0))y e do.

t
Hence we get

Zo(#) — Zo(x) > < / " g (), 7 > — (r(t:t,2), 7 — ),

43

and the assertion is proven. The proof that 7*(7;7,y*(7)) € 0Zy(y*(7)) for every 7 > t is

standard but we write it here for the sake of completeness. Let 7 > ¢ and observe that, by the

dynamic programming principle, the control defined by
Ug g (ry(0) = U™ (0 +7T)
is optimal at (0,y*(7)). Consequently the associated trajectory satisfies

y(030,47(7), uoy=(r) = ylo + 757,47 (1), u") = y" (0 + 7).
Then by the first part of the proof we have
0Zy(y" (7)) 3 7(0;0,y%(7)) =

—+o00
B / AN gl (y(r; 0,y (7), o,y (r)) )do
0
+o0o .
- / ANl (y* (o + 7))do
0

+o0
= [ g

=7 (Ti7,y7(7))
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which gives the claim. It finally suffices to note that, when p > 2, one has by Theorem 4.2,
that Zy = ¥ and 0V (x) = {¥'(x)} to complete the proof. O

APPENDIX B. PROOFS OF SUBSECTION 4.3

We here work out the proofs of the results stated in Subsection 4.3.

Proof of Theorem 4.10. We first prove (i). Assume (Z,7,u) is a MP-equilibrium point for
problem (P). Since A > w, then A € p(A7), and the second of (4.11) applies, implying

(B.1) T = (A= A7) g(2).

Then, plugging (B.1) into the third equation of (4.9) and then @ so obtained into the first, we
derive (4.13). Moreover, using (B.1) in Theorem 4.6, we get (4.14).

We now prove (ii). We consider a CLE-equilibrium point & and set @ := (h{) (—B*W((Z)). By
Theorem 4.3 and Remark 4.4 we know that the couple (Z,u) is optimal.
By Theorem 4.5-(ii) we can associate, to such optimal couple, a costate 7 which is the (mild)
solution of the costate equation in (4.6). Such mild solution is then necessarily stationary (see
Definition A.1) and, since A > w, given by

T=(A— A7) g(@).

Moreover, by Theorem 4.6 it is also true that 7 = V'(Z). As a consequence, (Z, 7, ) solves
(4.9) and is then a MP-equilibrium point. O
Before demonstrating Lemma 4.11 we need to state and prove the following result.

Proposition B.1. Assume that 0 € p(A}) (that is, (A})~" is well defined and bounded in H).
Then A~ has bounded inverse on V', defined by the position

(A7Yf o) = (f, (AD T ), forall f €V and p € V.
Moreover
1A= ey < ICAD ™ eam)-
Proof. For all f € V' and ¢ € V we have
(AT o) =1/, (AD) 7 )]
< If1,.1(AD) " elv
(B.2) =[£I, (I(AD) ™ ela + |AT(AD) " olu)
=1, (I(A}) " ool + [(AD) T ATl )
< 1 MCAD ™ e lelv
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Proof of Lemma 4.11.
Define T': V! — V' as as in (4.16). By its definition, 7" satisfies

_ . 1
(B.3) (T =Ty, < (A lean I Bllzwn[(h6) o) 3=l = yl,.-
implying the claim. Since T'(V") C D(A), then fixed points of T" lie in D(A). O
Proof of Proposition 4.16 Let « € I(Z) and let 2*(t) be the associated optimal trajectory,
i.e. the solution of the closed loop equation

y'(t) = Ay(t) + f(y(t), t>0
y(0) =z,
Let x, € I(Z) N D(A) be such that z, — x in V' as n — 4o0. Let y%(t) be the associated

optimal trajectory. Since y is continuous, then it must remain in I(Z) at least for a sufficiently

(B.4)

small ¢. For such ¢ we must have (recall that y*(¢) € D(A) by assumption)
1d % _ * * =
L) — = (W) 1) — 2),,
= (A(yp(t) — ) + f(yn () = f(@yn(t) — T),, < Elynlt) — Z[3.
This implies that

(B.5) lyn(t) = 2 < e*a, — T[,

Next we take the limits as n — 4o00. Note that z,(t) := y;(t) — 2*(t) solves

2 (t) = Azn(t) + [y, (1) — f(2*(t), >0

2(0) =z, — .

(B.6)

By Theorem 4.3 f is Lipschitz continuous so with Lipschitz constant [f]o 1, a standard Gronwall
inequality implies
[y () = 2" ()]s < | — alyeletionr,

hence |y} (t) — x*(t)|y, converges to 0 for every ¢t > 0. Consequently, from (B.5) one has
lz*(t) — 7|2, < *x —z|},, for every t >0,
implying the claims. a

Proof of Corollary 4.17. It is enough to check that (4.18) is verified, either in I, or in V’. If
f is Lipschitz continuous on I (in the topology of V'), with Lipschitz constant # < @ then we
have
(f(&) - F@lw — Fhr < Ble — 33, Vo el

This immediately implies that (4.18) holds in I with & = — 6.
Similarly, if f is globally Lipschitz continuous in V', we get that (4.18) is verified in the whole
| %48

O
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APPENDIX C. PROOFS OF SECTION 5

Proof of Lemma 5.4. Note that if Aj and A are the operators described in Section 3.3, then
the following two facts hold true. First, by definition of A%, we have @ = (A — A%)"*a. Second,

A is invertible, so that equation (4.13) may be rewritten as Tx = x by means of the operator
T defined in (4.16). Now (3.9) holds, so that one has

go(x) = —R'({a,x))a, and (A — A5)"'gh(z) = —R'({a, z))a@
Moreover, since ho(u) = C(ug,u1) = Co(ug) + C1(uy), then the convex conjugate C* of C' is
also of type C*(ug,u1) = C§(up) + C(uy). Then, recalling the definition of B, B* in Section 2,
and by means of (5.5), the operator 1" defined in (4.16) can be rewritten as follows:
Tz = —A"'B(C*) (B*R({a,z))a)

= —ATB(C) (R ({o, 2))a(0), R ({a, z))a)

= —ATB((C5) (R ({a, 2))a(0)), (CT) (R (o, 2))a))

= —AT[(G) (R (o, 2))a(0)) 6o + (C) (R ({ev, z))a0)]
= (C5) (R ((a, 2))a(0)) [-A™ 0] + [-AT(C}) (R (v, 2))a)

which by (3.7) implies (5.6). By Theorem 4.10 we derive the remaining statements. O

Proof of Theorem 5.5. Set : V! — R, n(z) = R'((«,z)) and note that, by (5.6), we get
Tx(s) = F(n(x))(s). Then the equation Tx = x is rewritten as

F(n(z))[s] = x(s), Vs €l0,3].
Applying 1 on both sides of such equation we get

R'({o, F(n(x)))) = n(=).

Hence, if 7 is a solution of Tz = x, then n(Z) is a solution of (5.10). Viceversa, let 77 be a solution
o (5.10). Then, substituting into (5.8) and (5.6), we get that F'(7) solves F'(7) = TF(7), so
F(n) solves Tz = x. O

Proof of Theorem 5.11. Note that when the value function V; is differentiable, then Propo-
sition 4.15 applies with ¥ = —V4. Indeed by Lemma 3.5 and the Lumer-Philips Theorem (see
e.g. [69, Theorem 1.4.3]), the operator A is dissipative in V' with (Az|z)y < —pu|z|?,, and the
function f defined in Proposition 4.15 can be rewritten by means of (3.6) (5.12) as

L ()0 — ) —
fo) = =B (g5 V@0 - a5
_<(50>\Iﬂ( )>_q0 . 1 (1) —

), L) - a).

V() )
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Hence, if Z is a CLE-equilibrium point, for all z € V', we have
(00, V' (z) — ¥'(z))
450

Note that the second term in the above inequality satisfies

1
4p1 ()

(f(@) = @)z — )y = — <50|x_f>v,_<

—1 ' —V(z)) |z —x ; ") — U () — 7
(451(.)(\11(1') V(7)) )V,24|61’Lw(0,8)(\1f() v'(z)] )yr >0

since f; € L>(0,5), and ¥’ is a monotone operator (as a consequence of the convexity of V).

That in particular implies

C1) (@) - f@e -2y, <~ TODZTE) (o1 gy, < Wl g
439 443y
so that (4.18) is satisfied with & = —u + [¥]L|d0|3/(45). O
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